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I Abstract. Let M be an isoparametric hypersurface in the sphere 

' 5" with four distinct principal curvatures. Miinzner showed that 

the four principal curvatures can have at most two distinct mul- 
tiplicities TOi,m2, and Stolz showed that the pair (mi, 7712) must 
either be (2, 2), (4, 5), or be equal to the multiplicities of an isopara- 
• metric hypersurface of FKM-type, constructed by Ferus, Karcher 

I and Miinzner from orthogonal representations of Clifford algebras. 

In this paper, we prove that if the multiplicities satisfy TO2 > 
3mi — 1, then the isoparametric hypersurface M must be of FKM- 
■ type. Together with known results of Takagi for the case mi — 1, 

and Ozeki and Takeuchi for mi — 2, this handles all possible pairs 
of multiplicities except for 10 cases, for which the classification 
problem remains open. 
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Tjj- ! A hypersurface M in a real space- form M"(c) of constant sectional 

O I curvature c is said to be isoparametric if it has constant principal cur- 

^ ■ vatures. An isoparametric hypersurface M in R" can have at most 

. two distinct principal curvatures, and M must be an open subset of a 

hyperplane, hypersphere or a spherical cylinder x R"~'^~^. This was 
shown by Levi-Civita ^7] for n = 3 and by B. Segre |2ni for arbitrary 
n. Similarly, E. Cartan |3] proved that an isoparametric hypersurface 
M in hyperbolic space H"- can have at most two distinct principal cur- 
I vatures, and M must be either totally umbilic or else an open subset 

of a standard product 5^ x in i/" (see also P pp.237-238]). 

However, Cartan 0-10] showed in a series of four papers written in the 
late 1930's that the situation is much more interesting for isoparametric 
hypersurfaces in S^. Cartan proved several general results and found 
examples with three and four distinct principal curvatures, as well as 
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those with one or two. However, despite the beauty of Cartan's theory, 
it was relatively unnoticed for thirty years, until it was revived in the 
1970's by Nomizu |22]-|23 and Miinzner 

Cartan showed that isoparametric hypersurfaces come as a family of 
parallel hypersurfaces, i.e., if x : M — S"" is an isoparametric hyper- 
surface, then so is any parallel hypersurface at oriented distance t 
from the original hypersurface x. However, if A = cott is a principal 
curvature of M, then Xj is not an immersion, since it is constant on 
the leaves of the principal foliation Tx, and x^ factors through an im- 
mersion of the space of leaves M/T\ into S"". In that case, Xj is a focal 
submanifold of codimension m + 1 in S"", where m is the multiplicity of 
A. Miinzner showed that a parallel family of isoparametric hyper- 
surfaces in always consists of the level sets in S*" of a homogeneous 
polynomial F defined on R""^^ satisfying certain differential equations 
which are listed at the beginning of Section 2. He showed that the level 
sets of F on S*" are connected, and thus any connected isoparametric 
hypersurface can be extended to a unique compact, connected isopara- 
metric hypersurface. Miinzner also showed that regardless of the num- 
ber of distinct principal curvatures of M, there are only two distinct 
focal submanifolds in a parallel family of isoparametric hypersurfaces, 
and each isoparametric hypersurface in the family separates the sphere 
into two ball bundles over the two focal submanifolds. From this topo- 
logical information, Miinzner was able to prove his fundamental result 
that the number g of distinct principal curvatures of an isoparametric 
hypersurface in S"' must be 1,2,3,4 or 6. As one would expect, clas- 
sification results on isoparametric hypersurfaces have been dependent 
on the number of distinct principal curvatures. 

Cartan classified isoparametric hypersurfaces with g < 3 principal 
curvatures. U g = 1, then M is umbilic and it must be a great or small 
sphere. If g = 2, then M must be a standard product of two spheres 

S\r) X S'"''"\s) C S"", r^ + s^ = l. 

In the case g = 3, Cartan |3] showed that all the principal curvatures 
must have the same multiplicity m = 1,2,4 or 8, and the isoparamet- 
ric hypersurface must be a tube of constant radius over a standard 
Veronese embedding of a projective plane FP^ into 5'^'""'"^, where F is 
the division algebra R, C, H (quaternions), O (Cayley numbers) for 
m = 1,2,4,8, respectively. Thus, up to congruence, there is only one 
such family for each value of m. 

The classification of isoparametric hypersurfaces with four or six 
principal curvatures has stood as one of the outstanding problems in 
submanifold geometry for some time, and it was listed as Problem 34 
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on Yau's list of important open problems in geometry in 1992. 
In this paper, we will provide a partial solution to this classification 
problem in the case g = 4:, but first we will describe the known results 
in the two cases. 

In the case g = 6, there exists one homogeneous family with six 
principal curvatures of multiplicity one in S'^, and one homogeneous 
family with six principal curvatures of multiplicity two in S^^ (see 
Miyaoka for a description). These are the only known examples. 
Miinzner showed that for = 6, all of the principal curvatures must 
have the same multiplicity m, and then Abresch showed that m 
must be 1 or 2. In the case m = 1, Dorfmeister and Neher ^U] showed 
in 1985 that an isoparametric hypersurface must be homogeneous, but 
it remains an open question whether this is true in the case m = 2. 

For (7 = 4, there is a much larger and more diverse collection of known 
examples. Cartan produced examples of isoparametric hypersurfaces 
with four principal curvatures in 5*^ and S^. These examples are homo- 
geneous, and have the property that all of the principal curvatures have 
the same multiplicity. Cartan asked if all isoparametric hypersurfaces 
must be homogeneous, and if there exists an isoparametric hypersur- 
face whose principal curvatures do not all have the same multiplicity. 
Nomizu [221 generalized Cartan's example in to produce a collec- 
tion of isoparametric hypersurfaces whose principal curvatures have two 
distinct multiplicities (1, k), for any positive integer k, thereby answer- 
ing Cartan's second question in the affirmative. At approximately the 
same time as Nomizu's work, Takagi and Takahashi jSU] used the work 
of Hsiang and Lawson jTH] on submanifolds of cohomogeneity two to 
determine all homogeneous isoparametric hypersurfaces of the sphere. 
Takagi and Takahashi showed that every homogeneous isoparametric 
hypersurface is a principal orbit of the isotropy representation of a rank 
two symmetric space, and they presented a complete list of examples. 
This list included some examples with 6 principal curvatures, as well 
as those with 1,2,3 or 4 distinct principal curvatures. In a separate 
paper, Takagi j^H] proved that in the case g = 4, ii one of the principal 
curvatures of M has multiplicity one, then M must be homogeneous. 

In a two-part paper, Ozeki and Takeuchi produced two infinite 
series of inhomogeneous isoparametric hypersurfaces with multiplici- 
ties (3,4A;) and (7, 8/c), for any positive integer k. They also classified 
isoparametric hypersurfaces for which one principal curvature has mul- 
tiplicity two, proving that they must be homogeneous. In the process, 
Ozeki and Takeuchi developed a formulation of the Cartan-Miinzner 
polynomial F in terms of the second fundamental forms of the focal 
submanifolds which is very useful in our work. 
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Next Ferus, Karcher and Miinzner ^Hj used representations of Clif- 
ford algebras to construct for any positive integer mi an infinite series 
of isoparametric hypersurfaces with four principal curvatures having 
multiplicities (mi,m2), where m2 is nondecreasing and unbounded in 
each series. In fact, m2 = k6{mi) — mi — 1, where S{mi) is the positive 
integer such that the Clifford algebra Cmi-i has an irreducible repre- 
sentation on R''('"i) (see P^), and k is any positive integer for which 
m2 is positive. Isoparametric hypersurfaces obtained by this construc- 
tion of Ferus, Karcher and Miinzner are said to be of FKM-type. The 
FKM-series with multiplicities (3, Ak) and (7, 8A;) are precisely those 
constructed by Ozeki and Takeuchi. For isoparametric hypersurfaces 
of FKM-type, one of the focal submanifolds is always a Clifford-Stiefel 
manifold (see Pinkall-Thorbergsson |25j). 

The set of FKM-type isoparametric hypersurfaces contains all known 
examples with g = 4: with the exception of two homogeneous examples, 
with multiplicities (mi,m2) equal to (2,2) and (4,5) (see [211 part 
II, p. 27] for more detail on these two exceptions). Over the years, 
many restrictions on the multiplicities were found by Miinzner [21], 
Abresch PQ, Grove and Halperin ^H], Tang [21] and Fang ^21- This 
series of papers culminated in the recent work of Stolz [2H] , who showed 
that the multiplicities of an isoparametric hypersurface with g = 4 
must be the same as those in the known examples of Ferus, Karcher 
and Miinzner or the two homogeneous exceptions. This certainly adds 
weight to the conjecture that the known examples are actually the only 
isoparametric hypersurfaces with g = 4. In this paper, we prove that 
this conjecture is true, if the two multiplicities satisfy m2 > 3mi — 1. 
Specifically, we prove (see Theorem li^ : 

Classification Theorem. Let M be an isoparametric hypersurface in 
the sphere 5*" with four distinct principal curvatures, whose multiplici- 
ties mi, m2 satisfy m2 > 3mi — 1. Then M is of FKM-type. 

Taken together with the classifications of Takagi for the case mi = 1 
and Ozeki and Takeuchi for mi = 2, this handles all possible pairs 
(mi, 7712) of multiplicities, with the exception of (4,5) and 9 pairs of 
multiplicities, (3,4), (4,7), (5,10), (6,9), (7,8), (7,16), (8,15), (9,22), 
(10,21), corresponding to isoparametric hypersurfaces of FKM-type. 
For these 10 pairs, the classification problem for isoparametric hyper- 
surfaces remains open. 

The first part of this work (through §9) gives necessary and suffi- 
cient conditions in terms of a natural second order moving frame for 
an isoparametric hypersurface to be of FKM-type. The second part 
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shows that these conditions are satisfied if m2 > 3mi — 1. It is en- 
tirely possible that many of the remaining open cases can be resolved 
using our characterization of FKM-type, but we have not been able to 
improve on our estimate of m2 > 3mi — 1 at this point. 

Next we will provide a detailed outline of the paper. For more 
information on isoparametric hypersurfaces and the extensive theory 
of isoparametric submanifolds of codimension greater than one in the 
sphere which was introduced by Carter and West j7] and Terng [22] , the 
reader is referred to the excellent survey article by Thorbergsson 
who proved that all isoparametric submanifolds of codimension greater 
than one in the sphere are homogeneous |33j . 

We think of an isoparametric hypersurface as an immersion x : 
M"~^ —y S*". About any point of M there is a neighborhood U on 
which there is defined an orthonormal frame field x, cq, Ca, Cp, Cq,, for 
which Co is normal to the hypersurface and the other sets of vectors 
are principal directions for the four respective principal curvatures of 
X. The index range of a,p has length m, and that of a, n has length A^, 
where m = mi and N = 7712 are the multiplicities for our isoparametric 
hypersurface. The dual coframe on U is the set of 1-forms 6"', 6^, 6'", 6^ 
defined on U by the equation (sum on repeated indices) 

d± = e^ea + e^ep + ^"e, + O'^e^ 

The curvature surfaces are the integral submanifolds of the distribu- 
tion obtained by setting any three sets of these forms equal to zero. 
The Levi-Civita connection forms of a curvature surface are given, es- 
sentially, by the forms 9^ = dca ■ e^, 6*^ = dcq ■ Cp, etc. The second 
fundamental tensors of the focal submanifolds are given in terms of 
our frame field by the four sets of tensors F^^, F^p, F^^ and F^^ defined 
in ()4.18p in which the coframe field cj", uj'^ , 10°" ^ uj^ is defined in fl4.13p as 
constant multiples of O"-, 6^, 6°', 6^, respectively. We derive the identities 
imposed on these tensors and their derivatives by the Maurer-Cartan 
structure equations of the orthogonal group 0(n + 1), the isometry 
group of 5". 

If our isoparametric hypersurface is of FKM-type, then a simple 
calculation shows that the following equations hold for an appropriate 
choice of the Darboux frame field. 
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where a, 6, c = 1, . . . , m and a + m,b + m run through the range of 
the indices p, q. The matrices of the operators of the Chfford system 
in terms of our frame field have as entries certain constants and the 
functions F^^, F^^, F^, and L^^. Thus, using these matrices, we 
can define these operators for an arbitrary isoparametric hypersurface. 
If equations ()l.l|) - ()1.4j) hold for the isoparametric hypersurface, then 
by an elementary, but extremely long, calculation we show that these 
operators form a Clifford system whose FKM construction produces 
the given isoparametric hypersurface. This calculation is contained in 
the proof of Theorem |2S1 

In Proposition ITHl we prove that (jl.lj) implies (|1.2j) - (jl.4|) on U pro- 
vided that X satisfies the spanning property (Definition [7j), which is: 

(a) . There exists a vector XaCa such that 

{Faa^aVf^ea : iy^J,) G R^} = spau {d, . . . , e^} 

(b) . There exists a vector y^e^ such that 

{F^^Xay^^ea : (xq) G R^} = span {ei, . . . , 6^} 

Combining these results, we see that if an isoparametric hypersurface 
satisfies the spanning property and P-lj) on U, then it is of FKM-type. 
The next step is to see when flLip will be true. 

The parallel hypersurface at an oriented distance t from x is given 
by x = cos if: X + sin t Cq . It s unit normal vector is Cq = — sin t x + cos t Cq 
and its principal directions are still given by the remaining vectors in 
the frame field. At some value of t the rank of x is less than n — 1, in 
which case the image of x is a focal submanifold of the isoparametric 
family. Any multiple of 7r/4 added to this value of t again gives a focal 
submanifold. From Miinzner's result that there are only two focal sub- 
manifolds, it follows that as t changes by a multiple of 7r/2, we return 
to the same focal submanifold. If x is a focal submanifold, then we may 
assume that eo,ea is a normal frame field along x and the vectors e^, 
Cq,, are the principal vectors for the second fundamental form Ileo, 
of principal curvatures 0, 1 and —1, respectively. Moving a distance 
t = n/2 from x along the geodesic in the direction of Cq, we arrive at 
Co, which must then be a position vector on the same focal submani- 
fold. At Co, the normal frame field is x, Cp, and the principal vectors, 
of principal curvatures 0, 1 and —1 are Ca, Cq, and e^, respectively. 

There is a simple relationship between the four sets of tensors at cq, 
denoted with the same letters barred, and these tensors at x. For our 
purposes, the most important is 

aa ^ aa+m 
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Use these tensors to define real bihomogeneous polynomials 

Pa{x, y) = F^^Xo^Vf,, Pa{x, v) = F^a^c^y^ 

In Proposition ^1 we prove that if x satisfies the spanning property on 
U and if at each point of U the pa are contained in the ideal I generated 
by pi, . . . ,pm in the polynomial ring R[xa, y^], then the frame field can 
be chosen so that holds on U . 

The key to linking the set of polynomials pa with the set of polyno- 
mials Pa comes from a formula for the isoparametric function derived 
by Ozeki and Takeuchi j21] (recorded in (|lU.ip below). In Proposi- 
tion |2S1 (see also Proposition EBjl we use this formula to prove that the 
zero locus of pi, . . . ,Pm in RP^^^ x RP^~^ is identical with that of 
Pi, • • • ,Pm- 

Algebraic geometers have developed a substantial body of informa- 
tion about the relationship between two polynomial ideals whose zero 
varieties coincide. Let / be the ideal generated by pi, . . . in the 
polynomial ring R[a;a, and let be the ideal they generate in the 
polynomial ring C[a;Q,,?/^]. Define the afiine bi-cones 

Vi = {{x, G R^ X R^ : pa{x, y) = 0, a = l,...,m} 
Vp = {(x, G X : pa{x, y) = 0, a = 1, . . . , m} 

Let Jra be the complex subvariety of Vp where the Jacobian matrix 
of pi, . . . ,Pm is of rank less than m. In our Classification Theorem 031 
we prove the following. Fix a point in U . If the codimension of Jm is 
greater than 1 in Vp , then, at the point, 

(I) pi, . . . ,pm form a regular sequence in C[xa, y^] 
(II) dimR Vi = dime Vp 

(III) is a prime ideal of codimension m 

(IV) The spanning property holds for x. 

It follows then by Serre's criterion (see Proposition EZj) that the ideal 
/ is reduced (see Definition which is precisely the condition which 
allows us to conclude that the pa G /. 

The final step in our argument is then provided by Proposition 
which states that for m > 2, if > 3m — 1 then codim (Jm) > 2 at 
every point of U. The proof of this estimate requires a detailed analysis 
of the second fundamental forms 11^^ of x. In the case m = 1, we give a 
simpler proof that M is of FKM-type, thereby providing another proof 
of Takagi's result. 

We would like to thank N. Mohan Kumar for substantial help with 
the algebraic geometry and John Little for his comments on previous 
versions of this paper. 
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2. Second order frames 

An immersed connected oriented hypersurface x : M"^^ —>■ S*" is 
called isoparametric if x has constant principal curvatures. Such a 
hypersurface always occurs as part of a family, the level surfaces of an 
isoparametric function /, which is a smooth function on 5" such that 
I V/p = a(/) and A/ = b{f), for some smooth functions a, 6 : R — > R. 

Denote the principal curvatures of x by fcj, with multiplicity rrii, 
for z = 1, . . . , 5f, and assume that ki > ■ ■ ■ > kg. Miinzner ^21, part 
I] showed that the multiplicities satisfy rrii = mj+2 (subscripts mod 
g). He then showed that the isoparametric function / must be the 
restriction to of a homogeneous polynomial F : R""*"^ — >■ R of 
degree g satisfying the differential equations 

|gradF|^ = gf^r^^"^, r = |x| 
2 ^ 

where mi and m2 are the two (possibly equal) multiplicities. The 
polynomial F is called the Cartan-Miinzner polynomial of the family 
of isoparametric hypersurfaces, and F takes values between —1 and 1 
on the sphere S"". For —1 < t < 1, the level set F~^{t) is one of the 
isoparametric hypersurfaces in the family. The level sets M+ = F"^(l) 
and M_ = F~^{—1) are the two focal submanifolds of the family, having 
codimensions mi + 1 and m2 + 1 in S*", respectively. 

We now develop the local geometry of isoparametric hypersurfaces 
using the method of moving frames in the sphere. In the process, we 
will reprove some of the results obtained by Miinzner, although this is 
not our primary goal. 

We assume now that g = A, even though many of the results in 
Sections 2-4 have analogues for arbitrary values of g. Let Cq be 
the unit normal vector field along x defining the orientation of M. 
Any point of M has an open neighborhood U on which there exists a 
Darboux frame field x, Cj, Cq : U ^ SO{n +l),l<i<n — 1, for which 
each vector Cj is a principal direction. We adopt the index ranges 

i,j,k G {!,..., n- 1} 

a, 6, c e {1, . . . ,mi}, p, g,r G {mi + l,...,mi +m3} 
a, /5, 7 e {mi + ms + 1, . . . , mi + m2 + m^} 
fi,iy,a e {nil + m2 + ma + 1, . . . , - 1} 

Arrange the frame so that the Ca span the principal space for ki, the 
Ca span the principal space for k2, the Cp span the principal space for 
fcs, and the span the principal space for k4. We shall call such a 
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Darboux frame field 

(2-2) X, 6(1, Cp, Ca, Cf^, Cq 

on [/ a second order frame field along x, (a first order Darboux frame 
field is one for which cq is normal and the remaining vectors are tangent, 
but not necessarily principal directions) . For such a frame field 

(2.3) d± = e'ci and da = ejej - O'Sc + O^eo 

where 9\ 9^ = —9q, 6'* = —9-'- arc 1-forms on U and 9^, . . . , 9"-^^ is an 
orthonormal coframe field on U with respect to the metric induced by 
X on M. Notice that = (ix • Cq = 0. We use the summation conven- 
tion unless the contrary is stated explicitly. These 1-forms satisfy the 
Maurer-Cartan structure equations of SO{n+ 1) 

d9' = -9] A 9^ 

(2.4) d9^ = A 9i 

d9i ^9' A 9^ -9iA 9^j -91 A 9] 

We also have 

(2.5) deo = 9lei 

where the 1-forms 9q — —9^ are linear combinations of the coframe 
forms, namely 

(2.6) ^° = h,^9^ 

where these coefficient functions on U satisfy hij = hji as a consequence 
of taking the exterior derivative of the equation 9^ = 0. The second 
fundamental form of x is 

(2.7) n = -d± ■ deo = hij9'9^ 

Having clioscn the to be principal vectors, we know that the sym- 
metric matrix hij is a diagonal matrix. In fact, we have 

(2.8) ^° = M", ^J = M^ ^° = M", = 

Set 9j = ^ h]k^'': where the smooth function coefficients satisfy hj^ — 
—hl^, for all i,j,k — l,...,n — 1. Take the exterior differential of 
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equations ()2.8|1 . using the structure equations of SO{n+ 1), to find 



(2.9) 





= KJ- + K^e^, 


since 


'''ah — 


= Kq 








= KpO" + K,e>^, 


since 


Ua _ 
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-Kh = 
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"av 
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= KaO" + 


since 


"pq 


-hP = 
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= hLO^ + K,e^, 


since 


h'' - 

"al3 — 




= = 


"-ai/ 



and the coefficient functions further satisfy 
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{k2 


ki ) hap 


= {k2 


- k3)hpa 


ih 


- h)K, = 


{k. 


-ki)Kp 


= {k. 


- k3)h^pa 


{h 




{k. 


- k,)K^ 


= {k. 






- k3)K^ = 


{kA 


-k,)K^ 


= {k. 


-k2)h^^p 



At a point of M the set of principal vectors for a principal curvature 
ki is a subspace of dimension rrii, defined by the equations 6^ = 0, for 
all j not in the range of the given principal curvature. This mj-plane 
distribution on M is called a curvature distribution on M. 

Lemma 1. The curvature distributions are completely integrable. Their 
integral submanifolds are called curvature surfaces. A curvature sur- 
face corresponding to kj is totally geodesic in M and its induced metric 
has constant sectional curvature 1 + 

Proof. This is a simple application of the structure equations and the 
first three equations in ()2.9|) . □ 

Additional conditions are imposed by the structure equations on the 
coefficients upon the exterior differentiation of equations ()2.9|) . 

3. Parallel hypersurfaces 

Let X, Ca, Cp, Ca, 6^, Cq bc a second order frame field (j2.2j) along x on 
U. We may arrange to have ki > k2 > k^ > k^. It will be convenient 
to set ki = cot Si, for z = 1, . . . , 4, where < si < S2 < < S4 < vr. 
For any fixed real number t, let 

(3.1) X = costx + sint Co 
From (Q, (Q and (EH) we have 

(ix = (cos if: — sin t cot Si)9"'ea + (cos t — sin t cot S3 ) O^er, 

(3.2) ^ 

+ (cost — sin t cot 82)0^601 + (cost — sin t cot S4)6'''e^ 
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We conclude that x is an immersion of M except when t = Si mod tt, 
for some i = 1,2, 3, 4. Suppose t is not one of these exceptional values. 
Then the unit normal vector field along x preserving the orientation of 
M is 

(3.3) Co = — sintx + cost Co 

and again from ()2.3|) . ()2.5|) and ()2.8|1 we have 

deo = — (sint + cost cot Si)9"'ea — (sint + cost cot S3)9^ep 
— (sin t + cos t cot 82)0" Ca — (sin t + cos t cot s^)9^efj, 

Since (sin t + cos t cot s) / (cos t — sin t cot s) = cot(s — t) , for any s and 
t, we find that the second fundamental form of x is 
II = —(hi. ■ dcQ 

(3.5) = COt(Si - t) LU^LU" + cot(s3 - t) ujPujP 
+ COt(s2 - t) CJ^CU" + COt(s4 - t) LU^LU'' 

We conclude that the principal curvatures of x are constant, equal to 
cot(sj — t) with multiplicity mj, for i = 1,2, 3, 4, and that 

(3.6) X, Ca, €p, 6q,, 6^, 60 

is a second order frame field along x on U. 

4. Focal submanifolds 

We consider now what happens when t is one of the exceptional 
values. To be specific, suppose that t = Si. Then x is defined in (13.11) 
and Co is defined in fl3.3p with t = Si. For the frame field ()3.6|) along x 
on U, equation (j3.2|) becomes 

(4.1) dx = u;% + tu^e^ + 

whose rank is n — 1 — mi at every point of M and where 
(4.2) 

^ sm(g3 -si) ^p ^„ ^ sm(g2 - si) ga ^ sm(g4 - sQ ^^ 
sin S3 ' sin S2 ' sin S4 

Therefore, the image x(M) is a submanifold of codimension mi + 1 
in S^. It is called the focal submanifold for the principal curvature 
cotsi. In the same way, there are focal submanifolds for each of the 
principal curvatures. For a point v G x(M), the set L = x^^{v} is a 
curvature surface of x for the principal curvature cotsi. Restricted to 
this curvature surface, the forms O"" give a coframe field on it. 

If Co is defined by ()3.3p . then ()4.H) shows that x, Cp, Ca, e^, e^, cq is a 
Darboux frame field along x, with Cp, Ca, tangent and eo, Cq normal 
vectors. Take a point p in the curvature surface L and let denote 
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the normal space to x at p. Let S"^'^ denote the unit sphere in A^. The 
next lemma shows that eQ{L) covers an open neighborhood of eo(p) in 
this sphere. 

Lemma 2. The rank of Cq : L ^ S"^^ is mi at every point of the 
curvature surface L. Therefore, eo{L) covers an open neighborhood of 
eo(p) in 5""*^ 

Proof. Consider the frame field cq, Ca, x, Cp, Ca, along cq on L. Since 
6^, 9°" and 9^ are all zero pulled back to L, it follows from ()2.9|1 that 
9q, 9q and 9q are also zero pulled back to L. Therefore, restricted to 
L, and using ()2.8|) . in which now ki = cot Si, we have 

(4.3) dco = — sin si 9"'ea + cos Si 9Qea = — esc Si 9°'ea 

which has rank equal to mi at every point of L. □ 

We can now calculate the second fundamental form of the subman- 
ifold X at the point x(p) = v with respect to any unit normal vector 
there. 

Lemma 3. At any point of M and with respect to any unit normal 
vector at the point, the principal curvatures of the focal submanifold x 
are 

(4.4) cot(s2 — si), cot(s3 — Si), cot(s4 — Si) 
with multiplicities m2,m3,m4, respectively. 

Proof. From ()3.4p we have for t = si 

, 1 /ja COs(s3-Si) 

dco = 9 Ca y^e„ 

^ ^ sm si sm S3 



COS^S2 - glj p^ COS^S4 - glj p^ 



sm S2 sm Si 

Combining this with ()4.2|1 we have for the second fundamental form at 
p with respect to the normal vector eo 
J/eo = — (ix ■ dCQ 

= cot(s3 — Sijuo^uj"^ + cot(s2 — si)uj°'uo°' + cot(s4 — Si)^^^^.;^ 

where a;^, w", o;'^, defined in (14. 3|) . form an orthonormal coframe with 
respect to the metric induced by x on the orthogonal complement to 
the curvature surfaces of the principal curvature cotsi. By Lemma |21 
we know that eo(i^) covers some open subset of the unit sphere in the 
normal space to x at p. Since the characteristic polynomial of //„ is an 
analytic function of n in the unit sphere of the normal space, it follows 
that the eigenvalues of //„ must be given by ()4.4|) for every unit normal 
vector at p. (See jHl Proof of Corollary 2.2 on p. 249]). □ 
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Miinzner fH] Part I] proved Lemma El and used it to prove the fol- 
lowing important consequence (see also [HI p. 249]). 

Corollary 4. The angles Si = Si + {i — 1)it/A, for i = 2,3,4 and the 
multiplicities satisfy nii = and m2 = m4^. To simplify the notation 
we set mi = = m and m2 = = N. 

Given these facts, our index conventions ()2.H1 become 
i,j, k e {l,...,n-l}, a,b,ce {l,...,m} 

(4.6) p,q,r e {m + l,...,2m}, a, E {2m + 1, . . . ,2m + N} 

H,v,a E {2m + + 1, . . . n - 1} 

so that 2m + 2N = n — 1, and n must be odd. Combining Lemma 01 
and Corollary El yields the following. 

Corollary 5. At any point of M and with respect to any unit normal 
vector of x at the point, the principal curvatures of x are 

(4.7) 1, 0, -1 

with multiplicities N , m and N, respectively. 

In the light of Corollary the principal curvatures ki = cot Sj of x 
satisfy 

, . s , fci — 1 , 1 , 1 + ki 

ki + 1 ki 1 — ki 
We will have occasion to use the following differences of these principal 
curvatures. 

k2- ki = k3- ki- 



(4.9) k^-ki = -i, fcs - h 



1 + fci' ki 
l + kj _ l + kj 

1 + kl ,^ ,^ _ 1 + kl 



1 — fcf ki{l — ki 

We use equations (j4.9j) to rewrite equations (j2.1(J|) as 

hP = ^ /i" h" = -h"" 

"'aa ]^ _|_ pal "'ap "'pa 

1 1 

hP = hf' h^' = h^' 

"-ati ki-l ki 

2 2 
Ti" = ht' h^' = h^' 



(4.10) 
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Now, with Si = Si + {i — l)vr/4, equation ()4.1|1 takes the form 

(4.11) c/x=-^e% + ^^ ^"e„ + ^^ ^e^ 

sm S3 a/2 sin S2 V 2 sin S4 

and with t = si equation ()3.4|) becomes 

(4.12) deo = —e'^ea-^^ ^e^ + ^% 

smsi V2sins2 V2sins4 

If we define a new coframe field on U C M by 

cj" = —9", ujf = r 

(4.13) '''''I '"''^'1 

= - — — r, = ^ e^" 

(l + fi;i)sinsi (ki — l)sinsi 

then, because 

1 + ^1 ki — 1 

(4.14) sins2 = — ^— smsi, sm S3 = fci sm Si, sms4 = — ^^smsi 

V 2 V 2 

equations ()4.1H) and ()4.12|) become 

(4.15) c/x = cu^Cp + cj^Cq + cu'^e^, deo = uj°'ea — uj^Ca + u'^C/j, 
One conclusion we can draw from (j4.15|) is that 

(4.16) X, 60, Ca; Cp, Cq,, €^ 

is a Darboux frame field along x on U, with cq, Ca normal vectors and 
Cp, Cq,, tangent vectors spanning the principal spaces of curvature 0, 
1 and —1, respectively of Ileo- We shall call this a second order frame 
field along the focal submanifold x on U. For each point of U, define 
linear subspaces of R"+^ by 

(4.17) = spanjca}, = span{e^}, Vq = spanjcp} 

These are the +1, —1 and principal curvature spaces, respectively, 
for the normal vector cq at this point. If we express the Maurer-Cartan 
forms ()2.9|) in terms of our coframe field ()4.13p as 

(4.18) = F^^oo^ - 2F„>^ = -F^^^uj^ - 2F^,oo- 
= Fl^^oo^ + 2F4.;^ = F^^^oo'^ + F^y 

then comparison with (j2.9j) . using (j4.1(jp and (j4.13p . gives 
(4.19) 



Fpa = - hpa sin s 1 , F^^ = - h^^ sin si 

^aa = -Ka ^1, F^p = Kp COS Si 



(4.20) 
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Notice that the distribution obtained by setting any three sets of {uj""}, 
{ujP}, {cu"} and {uj^} equal to zero is completely integrable and its 
integral submanifolds are the respective curvature surfaces. 
Equations ()2.3p become, for the Darboux frame field ()4.16|) . 

dx. = uj^e.p + cu^Cq + |JJ^e^^ 

deo = uj°'ea — tu^ea + io^e^ 

dea = -oo'^eo + e% + eie, + + O^e^ 

dcp = - A + e^eb + eicq + e'^Ca + ^^e^ 

de^ = -a;"x + ^"eo + ^^e, + Ole, + e^ep + ^^e^ 

de^ = -uj^x - oo^eo + O'^Ca + ^^e, + ^°e„ + O^e, 

The Cartan-Miinzner polynomial F : R"+^ —>■ R defining the isopara- 
metric function / = F\s« : 5" [—1, 1] has ±1 as the only two 
singular values, and focal points at a distance n/2 along a normal geo- 
desic from each other lie on the same focal submanifold. If our second 
order Darboux frame field (j4.16|) is along the focal submanifold 

X : f/ C M ^ M+ = f-^{l} C 5" 

then the tube (j3.1|) with t = tt/2 shows that the image of x = eg : f/ — > 
M_|_ is the same focal submanifold. If we let Cq = x, then by (j4.15p 

d-x = deo = i^^Ca — uj^ea + oj^eu 
(4.21) _ 

dcQ = dx = u'^Cp + dJ^Ca + cu'^e^ 

which shows that Cq, are tangent to at x = cq, while Cq, Cp are 
normal to at x. The second fundamental form at x with respect 
to Co is 



//go = — rfx ■ deo = — rfeo ■ dx = Ile^ = ^ tu^cj" — ^ 



which implies that V"+ is the +1 eigenspace and is the —1 eigenspace 
of //gg at X. Therefore, the principal curvature spaces of Cq at x are 

(4.22) V^ = V+, V. = V., \/o = span{eJ 

It follows that a second order Darboux frame field along x on f/ is 

(4.23) X 6o, Cq X, Ca+m; ^a+m (^ay ^ol ^fi C/j 

From ()4.21|) we see that 

(4.24) cj" = cj''+'" = uj"", uj" = -cj", O^" = uj^" 



is the coframe field dual to (14.2 
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Of the forms in ()4.18j) for the frame field ()4.2H|) and its coframe 
field (j4.24j) . we consider 

"Cq, e„ — (7 — r UJ -f r , LU 



-^11 "a aa^ ' aa+m^ 

L 

to conclude that 

(A o?)'\ = F^ = 

V ^ aa aa+mi ^ aa+m ^ aa 

Therefore, if = XK^a^a + Vfi^p.) ^ V+ Q)V^, then 

(4.26) Pa{v) = ^ F^a^aV,, = ^ F^a+mXay,^ = Pa+m{v) 

a,l3 a,f3 

where the polynomials pa and Pa+m are defined by these equations. 

5. Consequences of the structure equations 

We continue working with a second order frame field ()4.16p along 
the focal submanifold x defined in fl3.1|) with t = Si. Equations ()4.19p 
show that differentiating equations ()2.9p is equivalent to differentiating 
equations ()4.18|1 . which we now proceed to do. In preparation for this 
we first take the exterior differential of the coframe field ()4.1Hj) to obtain 

du'' = -61 Au^- F^^ujP A - F^^uj^ Au^"- AF^a^"" A u^" 
dujP = -ei A + cj"^ A + A cu'^ + 4F^„cu" A cj^ 

/ r -1 \ y P" P" "!p 

= -e'^p A to"- F^^uj'' Auj'' + F^^uj"" Alu^- F^y A to'' 
doj'' = -ei^ Auj" - F^^uj" AujP- F^^u}"" A u;" + F^^uP A cu". 

We define the covariant derivatives of the tensors F^, F^, and 
F^p, respectively, to be the 1-forms 



(5.2) 



Any other second order frame field along x is given in terms of ()4.15p 
by 

(5.3) X, 6o, Ca; Cp, 6q,, 6^ 

where 





= dF^l 


- F"6'^ - 

qa"p 


T?oi nb 1 7-1/3 na 
^ph^a + ^pa^H 


F^a^ 


= dF^, 


_ iTP 5)3 _ 

qa"p 


^pb^a ^ ^pa^u 


F" -u' 

aai 


= dF'' 


- F'' f)^ - 


^ab'^a ^ ^aa^u 


F" -LU' 
api 


= dFl^p 


_ p/^ /9/3 _ 

^ fSp^a 


- F^ 6*^ + F" 6'' 

aq"p ' ap u 
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with {AD, (Ap : f/ ^ 0(m) and (A^), (Ap : U ^ 0{N) smooth maps. 
If the coefficients with respect to this new frame field are denoted by 
the same letters covered by a hat, then the transformation rules are 
tensorial. For example, 

(5-5) = A'^F^^A'^pA^, = A'^F^^^A'^A^A'I^ 

and so forth. If we take the exterior differential of the equations ()4.18j) 
and use and ()5.2|1 together with the Maurer-Cartan structure 

equations ()2.4j) we obtain the following sets of equations (compare [211 
I, p. 536 and II, p. 45]). 

pa pa , pa pa _ ( pfJ. pl^ , pfJ. p^J. \ ^ n 
pa qb ' pb qa \ pa qb ' pb qa/ " 



(5.6) 



Fpa^pb + Fpf,F^^ + 2(F^^F^^ + Fl^^Fj^J - d^pSab 

^ pa^ qa ^ ^ qa^ pa ^ ap^ Pq ^ ^ aq^ Pp) ~ '-'pq^a(3 

FpaFpb + FpfjFpg^ + 2[F^^F^i, + F^^F^^ = dab^^v 

^ pa^ qa~ ^ qa^ pa ~ ^\-^ ap-^ aq ^ aq-^ ap) '^pq'^fiu 





jpfJ. rpv _|_ pM Tpv 

^ aa^ 13a "1" ^ I3a^ aa 


i-^ap-^fSp + Ppp^ap) 




pa 

pab 


— Pl^pl^ _ 9 PA' 
pa ab pb aa 


(5.7) 


pa _ 
paq 


PM PM _|_ PM 

pa ag ' ap ga 




pa 

^pal3 - 


ap^ 13a ^-^iSp-^aa 




pM _ 

pab 


pa ptJ. 1 2 pa 
^pa^ ab ^ '^^pb^ aa 


(5.8) 


P/^ — 

paq 


_pa pfi _ 2 PA* F" 

pa aq ap qa 




— 

pau 


2Ff' F" - 2F^ F" 

ap aa aa ap 




pP- _ 
aab 


1 1 
PM pa _| pA* pa 

2^ pa pb ' 2^ pb pa 


(5.9) 


pM _ 

^aal3 ~ 


P/^ _|_ 2 F^ 
ap pa ' /3p pa 




_ 

aau 


pt^ P" A_ 2 F^ F" 

ap pa ' pa ap 




— 

apq 


\pi^ P<^ _ 1 pa 
2 pa qa ^ qa pa 


(5.10) 


PM _ 
-'^apfS ~ 


_ pP —2F^ F" 

^ aa^ pa f3a pa 




_ 

api/ 


_ p'^ —2F'^ F^ 

aa pa pa aa 



(^-\-\\ /?a _ _7^Ai _ _2PM — _2F'^ 

J. J. p^Q, ajj. ^^p a, J. ^p^ 



18 



CECIL, CHI, AND JENSEN 



6. Second fundamental forms of a focal submanifold 

Consider the focal submanifold x of (jH.lj) with t = si with a second 
order frame field ()4.16p along it on U. For each point of x, Corollary |31 
tells us the principal curvatures of the second fundamental forms Ile^ 
of X. In order to derive the consequence of this knowledge, we begin by 
finding the expression of J/e^ of x in terms of the orthonormal coframe 
field 00^,00"", and from that obtain the matrices of the corresponding 
shape operators with respect to the orthonormal tangent frame field 
Cp, Cq, e^. For our frame, equations ()2.3|1 have become, in part. 



(ix = u^Cp + cu^Cq + u'^e^ 
^^'^^ dea = iheo - x)r + Ole, + 6^6^ + O^e^ + Oi^e, 



The shape operator Sa is the symmetric operator on the tangent space 
at X given by 

(6.2) //e„ = —dca ■ fix = (ix o ■ fix 

That is, Sa is the tangential component of —dCa- Combining the second 
equation in ()6.H) with ()4.18|) . we find 

Sa = {2F^ae, - F^ae,)^^ + (2F,^,e„ + F^^e^)^^ + (-F;,e„ + F^,e,)u;^ 

Recall the curvature spaces Vq, V^+,\^_ defined in fl4.17|) . Define linear 
operators 

Aa = 2F^^e^u^' : F_ ^ 

(6.3) Ba = -F^a^^uo^ : K) ^ V+ 

Ca = F^^e.u^ : - 

and their transposes 

'Aa = 2F^^e,u;'^ : ^ V. 

(6.4) 'Ba = -F^^cpu^ -.V+^Vo 

'Ca = F^^cpu^ -.V.^V^ 

With respect to the orthogonal direct sum decomposition V^®V^® Vq 
of the tangent space to x at the point, the operator Sa has the block 
form 



(6.5) Sa 
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Restriction of the second fundamental forms II^q and J/g^ to V+ © V- 
defines quadratic forms 



Po{x,y) = neo{{x,y), {x,y)) = ^xl-^y^ 



(6.6) ° ^ 

Pa{x,y) = -IIeS{x,y), {x,y)) = F^^x^yf, 

where x = XaCa G V+ and y = y^Cfj, G V-. 

By Corollary El the minimal polynomial of Sa is ~ l); and 

therefore 5^ = Sa at every point of U. Actually, something stronger is 
true. If t = (t") G S*™"^ is any unit vector, then f^Ca = n is a normal 
vector to x at the point, and if its shape operator is denoted S, then 
5*^ = 5 as well. On the other hand, 

(6.7) S = t^Sa 
so that = S implies that 

Y.f'Sa = + J2^n't\SaSaS, + SaS,Sa + S,SaSa) 

(6.8) " " 

where iSs is the symmetric group on three letters. Multiplying ^(t")^ = 
1 by gives 

(6.9) t' = {t'f + Y,t''{t''f 
which substituted into (j6.8j) gives 

a a^b 
+ ^ ^ 5'cr(a) 5'cr(fe) S'cr(c) 

A homogeneous polynomial on R"* which is identically zero on the unit 
sphere S*™""^ C must be identically zero, that is, its coefficients 
must all be zero. Therefore (compare I, p. 534]) 

S'a = 5*^, for all a 

Sb = SaSaSb + SaSbSa + SbSaSa, for all a ^ b 

(6.10) 

0=2^ Saia)Sa{b)Sa{c), for all O 7^ 6 7^ C 

creSs 
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Proposition 6. If m < N , then the operators Aa in (jfi.Hj) must be 
linearly independent on an open dense subset ofU. 

Proof. Linear independence being an open condition implies that these 
operators are hnearly independent on an open subset of U (possibly 
empty). It remains to show that they are linearly independent on a 
dense subset of U. Suppose, to the contrary, that the operators Aa are 
linearly dependent at every point of some open subset V C U. This 
means that there exists a smooth unit vector 

u = (u") : V ^ R"^ 

such that 

(6.11) u'^Fi:, = 

for all /i and a, at every point of V. Then multiplying the second 
equation in ()5.6|) by u°'u^, summing on a and b and using ()6.11|) gives 

Therefore, 

{F^aU'^ep : a = 2m + 1, 2m + 2, . . . , 2m + A^} 

is an orthonormal set of vectors in the m-dimensional subspace Vq 
defined in ()4.17|) . which contradicts the assumption that m < N . We 
conclude that every open subset of U contains a point at which the Aa 
are linearly independent. That is, the Aa are linearly independent on 
a dense subset of U . □ 

We need a condition which is stronger than the linear independence 
of the Aa- 

Definition 7 (Spanning Property). The focal submanifold x satisfies 
the spanning property at a point of M if 

(a) . There exists a vector X = XaCa G V+ such that the set of vectors 
{Ff^^XaCfj, : a = 1, . . . , m} in V- are linearly independent; and 

(b) . There exists a vector Y = y^e^j, G V- such that the set of vectors 
{F^^y^Ca : a = 1, . . . , m} in V+ are linearly independent. 

Remark 8. Observe that (a) is equivalent to 

(a'). There exists X = XaCa G V+ such that {F^^XaV^Ca : Y = 
y^e^, eV_} = span{ei, . . . , e^}. 

and (b) is equivalent to 

(b'). There exists Y = y^e^ G V_ such that {F^a^ay^l^a '■ X = 
XaCa eV+} = span{ei, . . . , Cm}. 
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Remark 9. If x satisfies the spanning property at a point of M, tlien 
it satisfies it on some open neigliborhood of the point. In fact, let 
X = XaCa and Y = y^e^ be continuous vector fields whose values at the 
point give the vectors in (a) and (b), respectively. The vectors F^^x^e^, 
a = 1, . . . ,m are linearly independent at the point implies that some 
rnxm minor of the Nxm matrix (F^^Xa) is nonzero at the point. Being 
a continuous function in M, this minor remains nonzero on some open 
neighborhood of the point, and thus (a) holds on this neighborhood. 
A similar argument shows that (b) holds on some neighborhood of the 
point, and thus (a) and (b) hold on the intersection. 

Let X, Co, Ca, Cp, Co, be a second order frame field ()4.16p along x 
on U, where x(?7) C M+ is a focal submanifold. Let the same letters 
with bars denote the second order frame field ()4.23|) along x = eo on 
U. At each point of U define bihomogeneous polynomials pa and pa in 
R-K,?/^] by 

(6.12) Pa{x,y) = F^^XaV^, Pa{x,y) = F^a^aVf, 

where F^^ and F^^ are defined in ()4.18|) for the respective frame fields. 

Proposition 10. // at each point of U there exist polynomials fab in 
the polynomial ring R[xq,, y^] such that 

(6.13) Pa = fabPb 

and if the spanning condition holds for x on U , then there exists a 
second order frame field x, cq, Cq, Cp, e^, along ^ onU with respect to 
which 

(6-14) Pa a+m — ^aa 

for all a,a, fi, at each point of U . 

Proof. If we \ ei pa+ m{x,y) = Ka+m^ayf,, then by (I4.26|). Pa+m = Pa 
and therefore (j6.13j) implies that at each point of U 

(6.15) Pa+m = fabPb 

If we expand the right side of this equation in terms of the bihomoge- 
neous components of the fab and collect all terms of the same bi-degrees, 
then all terms must cancel except those of bi-degree (1, 1), since Pa+m 
has bi-degree (1, 1). This results in an expression for Pa+m as a linear 
combination of the pb with constant coefficients, since each pf, has bi- 
degree (1, 1). Hence, we may assume that the fab in (!6.15|) are constant 
polynomials. Now (|6.15p implies that 

(6-16) Faa+m = fabFab 
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for all a, /i at each point of U. We claim that the functions fab'-U-^H 
are smooth. In fact, if we let Aa+m = '^Faa+m^a^^ : K_ — » V+ and let 
Aa be the operators defined in ()6.3|) . then ()6.16p implies that Aa+m = 
fabAb- The spanning property implies that the operators A^ are linearly 
independent in End(V"_, V+), and therefore at each point of U an inner 
product can be defined on this space of endomorphisms, depending 
smoothly on the point of U, such that {Ai,} is an orthonormal set. 
Then fab = {Aa+m, Ab) : U -^R is smooth. 

Fix a = aQ and for each fi define vectors in R™ 

aol \ I ao m+1 

«om/ \ ao m+m/ 

If we define the m x m matrix B = (fab), then by we have 

(6.17) V^ = BW^ 

for each fi. The sixth equation in ()5.6|) says that for any fi and u 

Combining these equations, we have 

(6.18) W^-W, = BW^-BW, 

for all /i, u. It follows that B is orthogonal, provided that the set {VF^} 
spans R"^. By the spanning property, this is true for some choice of 
tto- Therefore, assuming we have made that choice, we have a smooth 
map 

B = Uab) ■■ U ^ 0(m) 
Alter the second order frame field along x by 

Ca+m ^b+mfba 

leaving the other vectors in the frame unchanged. If we let F^ai ^tc. 
be the coefficients with respect to this new frame field, then by ()5.5|1 . 
we have = F^a ^^id, also using ()6.16p . we have 

■^aa+m ~ ^ab+mfba — fbcFacfba — F^^5ca — 

which proves ()6.14|) . □ 
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7. The Ferus-Karcher-Munzner construction 

Let Po,Pi,...,Pm be a Clifford system on R^'. Recall that this 
means that these are symmetric operators on R^' satisfying 

(7. 1) PiPj + PjPi = 26,,I, t,j = 0,l,...,m 

It follows that each operator Pj is also orthogonal. For this section we 
modify the index conventions ()4.6|) by 

(7.2) t,j,ke{0,...,m} 

and now N = I — m — 1 and n + 1 = 2/. If A G SO{m + 1), and if we 
let 

(7.3) = AiP, 

then Qo, Qi, • • • , Qm. is also a Clifford system on R . Since Ql = /, the 
eigenvalues of Qo must be ±1. If E± are the eigenspaces of Qo, then 
R^' = Ej^ © is an orthogonal direct sum and E± each has dimension 
/, because for any a, the operator Qa interchanges E+ and E_. 
Because Pq, . . . , P^ are linearly independent, 

(7.4) M+ = {x e S^^-^ C R^' : i^x ■ X = 0, i = 0, . . . , m} 

is a submanifold of S*^'"^ of codimension m + 1. If x G M_|_, then 
QqX, . . . , is an orthonormal set of unit normal vectors to M_|_ in 
^2«-i Therefore, this is a global frame field for the normal bundle 
of M+ and the unit normal bundle of M+ is isomorphic to the trivial 
bundle 

(7.5) M = M+x S"" 
Consider the principal bundle 

50(m+l)^5- 

where for any A G S0{m + 1) we let Ai denote the column of A. For 
a section A of (j7.6|) . denote its pull-back to 5*™ of the Maurer-Cartan 
form of SO{m + 1) by 

(7.7) A-^dA = T = (rj) 

an o(m + l)-valued form on S*™. Then dAi = Ajuj, and thus, for the 
Clifford systems 

(7.8) Q, = AiP, 
depending on A G SO{m + 1), we have 

(7.9) dQ, = Q^ri 



24 



CECIL, CHI, AND JENSEN 



for each i. Observe that Tq , . . . , r™ is a local coframe field in S"^. For 
each (x, Aq) G M = M_|_ x S"^, there is an orthogonal direct sum 



(7.10) R^' = span{x} © M^(x) © ro(x, Aq) © ri(x, Aq) © r_i(x, Aq), 



M^(x) = span{Qox, . • • , Qmx} = span{Pox, . . . , P^x} 
To(x, Ao) = span{QaQox : for all a} 

T+(x, Ao) = E^n T^M+ = {X e : X ■Qi^ = for all i} 

= {X e : QoX = -X and X • P^x = 0, for all i} 

T_(x, Ao) = ^+ n T^M+ = {X G : X ■ Q,x = 0, for all z} 
= {X e R^' : Qo^ = X and X ■ P^x = 0, for all i} 

Then dimM:j':(x) = m + 1, dimTo(x, Aq) = m, dimT+(x, Aq) = N and 
dimT_(x, Aq) = N, where X = / — (m + 1). Notice that 



because QoQaQo^ = —Qa^ ^ M^, for any a. 

For any point in M = x S"^, there is an open neighborhood 
about it of the form U x V, where U C M+ and V C S"", such that 
the section A of (|7.6|) is defined on V and such that there exist smooth 
orthonormal bases Cq, of T+(x, Aq) and of T_(x, Aq) on f/ x V". This 
means that at each point of U x V 

QoGa = -ea and ■ QiX = 

(7.13) 

Qoe^ = e^, and ■ QiX = 

Compose x : M+ ^ S^'^^ with the projection M = M+ x S"" ^ M+ 
so that we may regard it as a mapping x : M 5^'^^. Then 

(7.14) X, 6j QjX, Cp Qp— mQoX, 6q,, 

is a Darboux frame field along x on f/ x l^, where the Cj are normal 
vectors and the rest are tangent to x. 

Lemma 11. For any x G M+ 



where 



(7.11) 



(7.12) 



go:ro(x,Ao)-^M^(x) 




QiQjQk^ ■ X = 



QaQbQceo ■ X 
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Proof. If k are distinct, then 

which imphes ()7.15p . If the indices are not distinct, then the product 
is a single ±Qi and QjX ■ x = by definition of M_|_. 

If any two of a, b, c are the same, then the product QaQbQc is a single 
operator ±Qa, for some a, and we know that Qa^o ■ x = 0. If a, 6, c 
are distinct, then QaQbQc changes sign if any two indices are switched. 
Therefore, L^^ is skew-symmetric in a, b, c. □ 

Lemma 12. For the Darboux frame field ()7.14j) along x, 

(7.17) QiX ■ X = 0, for all i 

(7.18) QiCj ■ Cfc = 0, for all k 

(7.19) QiCp ■ Cg = 0, foralli,p,q 

(7.20) Qa^a -6/3 = 0, for all a, a, (3 

(7.21) QaCf, ■ ey = Q, for all a, /x, v 

at each point of U x \/. 

Proof. The first equation follows from the definition of M+. For the 
second equation 

QiCj ' c/^ QiQj^ ' Qj^^ Qj^QiQj^ ■ x 

by Lemma ITTl For the third equation 

Qa^p ' 6g QaQp—mQo^ ' Q q—mQo^ Qq—mQaQp—m^ ' X 

by Lemma ITD and 

QoCp ■ Cq QoQp—mQo^ ' Qq—mQo^ X ■ Q p—rnQ q—mQo^ 

by Lemma ^2 Equations 4 and 5 follow from the observation made 
above that Qa interchanges E_ and □ 

Lemma 13. For the frame field ()7.14|1 . 

(7.22) rfx = cj% + cj"e„ + 

(7.23) deo = u^Ca - w"e« + uJ^'e^, 

where , u"' , u'^ are linearly independent one forms on U with coeffi- 
cients being functions on U x V , and 

(7.24) cu*^ = - cj"+™ 

A smooth coframe field on U x V is given by cj", cu^, cu", cj^. 
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Proof. The expression fl7.22|l for rfx follows from the fact that x : t/ ^ 
R^' is an immersion and then a;^ = cix ■ e^, for A = m + 1, . . . ,21 — 1. 
Combining this with ()7.9p . we have 

deo = dQo x + Qqc^x 

(7.25) = r^QaX + cj^+^goQaQox + uj'^Qoea + uJ^'Qoe^ 

which proves ()7.2H|1 . □ 
For t G R, the tube of radius t about M+ is given by the immersion 

(7.26) x:M^^2'-\ x = cost x + sint Cq 
A unit normal vector field along x is 

(7.27) Co = — sin t X + cost Co 
and a Darboux frame field along x is given by 

(7.28) X, 6a, Cp, 6q, C^, 6o 

From ()7.22|1 we compute 

dx = sin if: u'^Ca + cos t u^ep 

+ (cost — sint)ci;"ea + (cost + sint)u;'^eu 

(7.29) ^ ^ 
deo = cos t uj°'ea — sin t u^Cp 

— (cost + sint)u;°ea + (cost — sint)u;'^e^ 

which shows that 

r = sinta;^ = costcj^' 

^^'^^^ 6'^ = (cos t - sin t)cj", 6^ = (cos t + sin t)cj'^ 

is an orthonormal coframe field in M for the metric cix ■ cix induced by 
X. The second fundamental form of x is then 
Ilea = —cix ■ cico 

= - cot t e'^e'' + tant + + - "^"^^"^ rg^ 

cot t — 1 cot t + 1 

= cot(-t)r5" + cot(| - t)rr + cot(^ - t)0'^r + cot(^ - t)^'^^^ 

from which we conclude that the principal curvatures are the constants 
cot(— t) and cot(7r/2 — t), each with multiplicity m and the constants 
cot(7r/4— t) and cot(37r/4— t), each with multiplicity A^. In addition, the 
Darboux frame field ()7.28|) along x is of second order. Therefore, the x 
for t G R is an isoparametric family of hypersurfaces in S"^'"^ and x is 
a focal submanifold. This is the Ferus-K archer- Miinzner construction. 
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(FKM construction) jl^j, of an isoparametric hypersurface from a given 
Clifford system. 

We next calculate equations ()4.18p for the FKM construction for a 
given Clifford system. 

Lemma 14. For the Darhoux frame field ()7.14|) along x, the coeffi- 
cients of the forms 9^ = de^ ■ Cb in ()4.18p are given by 

-P^pa Qp~mQa^ ' Ca, -^pa Qp—mQa^ ' C^ 

(7.31) M _ 1 M _ 1 

Faa ~ ~'^Qa^^ ' Fap ~ "2*^^^™^/^ ' ^" 

Proof. These coefficients are determined by 6^, 6^ and 6p. From ()7.9|) 
and ()7.22|1 we have 

dCa = dQa X + Qadx. 

(7 32) 

and from ()7.9j) and ()7.23j) we have 

dCa+m = dQa Cq + QadCQ 

(7.33) , , 

= -Tq X + T^Cb+m + QaCb - UJ^'QaCa + UJ^QaCf, 

Using Lemma IT^ and ()4.18|1 we have 
which implies that 

which is the first formula in ()7.31|) . and similarly 

which gives the second formula in ()7.31|) . In the same way, 

= U ^""QaCb+m ■ Ca + io'^QaC^ ■ e« 

which implies that F^^ = QaCp,-ea, which is the third formula in ()7.31|) . 

Next, 

pa b o pfJ, Ai na j 

(7.36) 

which implies that — 2F^a_,_^ = QaCfj, ■ Cq, which is the fourth formula 
in (Unil). □ 
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Corollary 15. With respect to a Darboux frame fl7. 14|1 along an FKM 
constructions. : M — > 5*^'"^, the coefficients (j7.31|) satisfy the equations 



(7.37) 



— 

^ aa+m ^ aa 

Tpa rpa 

a+mb b+ma 



a+m b 



b+m a 



Proof. From ()7.3H1 . 



(7.38) 



rpa I rpa 

^ a+mb "T 

_|_ p^^ 
a+mb ' b+m, a 



b+ma - {QaQb + QbQa)^ " e« = 

= {QaQb + QbQa)^ ■ e^, = 



□ 



Proposition 16. For the Darboux frame field ()7.14j) . at any point of 
U X V C M, the operators Qo, Qa are given by 



(7.39) 



Qox 

Qo^^a+m 



eo 



Qoeo 

Qo^a 



Qoea 
Qoe^ 



--a+m 



and for each a 



(7.40) 



Qa^ Ca 
Qa^Q ^a+m 

Qa^b = (^abX — L^j^Cc+m + -F^^^Cq, + F'^ 
Qa^b+m = ^ab^O + L^f^Cc + F^j^^^^Ca ~ -fT 



1/1 

a+mb^fJ' 



b+ma^t^ 

QaGa = -^a+mb^b + -ffo+m a^b+m ~ '^-^aa^l^ 
Qa^li = -F^+m6^b ~ Fj^^^^a^b+m ~ '^^aa^a 

where the coefficients are defined in ()7.16p and ()7.3H) . 

Proof. The expansion ()7.39p of Qo can be verified by inspection. Also 
easy are the calculations Q^x = Cb and QtCo = QbQo^ = ^b+m- To 
calculate on the remaining basis vectors, we use the fact that the 
basis is orthonormal. In the following calculations we use ()7.1|) . ()7.15p . 
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dm, (HIED and (HSU). 

QbCa ■ X = QbQa^ ■:>^ = 6ab 

QbGa ■ eo = QbQaX ■ QqX = QoQbQa^ ■ X = 
QfcCa ■ Cc = QbQa^ ■ Qc^ = QcQbQa^ ■ X = 
QfoCa ■ Gc+m = QbQa^ ' QcQo^ = QaQbQcQo^ ' X = L^^ 
Qb^a ' QbQa^ ' Cq? ^b+ma 

Qb^a ' (^fi QbQa^ ' C/i -^b+ma 

give the expansion of Qb^a- 

Qbec+m ■ X = QbQcQo^ ■ X = 

QbGc+m ■ Co = QbQcQo^ ' Qo^ = ^bc 

QbGc+m ■ Ga = QbQcQo^ ' QaX = QaQbQcQo^ ' X = L^^ 
Qb^c+m ' Ga+m = QbQcQo^ ' QaQo^ — ~QaQbQc^ ■ X = 
Qb^c+m ' QbQcQo^ ' QbQc^ ' ^c+mb 

Qb^^c+m ' ^fM ~ QbQcQfP^ ' 6^ = QbQc^ ■ &fi = ^c+mb 

give the expansion of QbGc+m- Using also (j7.13p . we find 
QbCoc ■ X = ■ QbX = 

QbG-a ■ Co = QbGa ' QqX = QbSa " X = 

Qb(^a ' Qb(^a ' Qa^ (^a ' QbQa^ -^b+ma 

QbGa -6/3 = 

give the expansion of Qb^-a- 

QbC^ ■ X = ■ QfeX = 

QbGf, ■ Co = QbG^ ■ Qox = -Qfefi^ ■ X = 
Qb^fi ' Qb^fi ' Qa^ ^fi ' QbQa^ ^b+ma 

Qb^fj. ■ ^a+m = Qb^fi ■ QaQo^ = 6^ " QbQa^ = ~Fa+mb 
P — —2F^ 

e^ = 

give the expansion of Q^e^. □ 
Lemma 17. For the Darhoux frame field (I7.14|) along x, 
- r'a + Llco^-""^ + F:^^,co^ + F!^^^,u^ 

^a+m - + -^ab^ + ^ a+mb^ + ^ a+mb^ 



(7-41) 

^ ' qb+m b 
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and therefore 

(7.42) Ol - elXZ = Lliu;^ + ^'^'-n 
Proof Using jlH) and jT^S), we find 

6^^ = dCa ■ Cb = d^Qa^) ■ Cb 

(7.43) = (r^QiX + UjPQaCp + u'^Qaea + ^^Qae^) ■ Cfe 

= + CU^'+'^Qaec+m ■ Cfe + Uj'^Qaea ' Cf, + Uj'^QaC^ ■ Cfo 

which combined with (j7.4(jp gives the first formula in (j7.4H) . The sec- 
ond formula is derived in the same way. □ 

8. Necessary conditions to be FKM 

Let X, Ca, Cp, Cq,, e^, cq be a second order frame field ()2.2|1 in U C M 
along an isoparametric hypersurface x : M ^ S"". We continue using 
the index conventions in (j4.6j) . Let x = cossix + sinsiCo be a focal 
submanifold and let Cq = — sin si x + cos Si Cq so that x, 60,6^,6^,60,, 
is a Darboux frame field ()4.16|) along x on U. Let u"- , , 00°' , u'^ be 
its coframe field ()4.13p on U. We look for conditions on this Darboux 
frame field which imply that x comes from an FKM construction. 

Proposition 18. Suppose that^ satisfies the spanning condition (def- 
inition^ on U. If 

/ aa+m aa 

on U, then 

(8.2) K+ma + ^a+mb = ^ 

(8.3) F,%^^ + F^^^, = 

(8.4) 9t - dlXZ = LU^' + ^"^n. where = -L^ = -L^, 
on U . 

Remark 19. By Corollary and Lemma IT71 equations ()8.1|) - ()8.4j) 
hold for the Darboux frame field ()7.14|) defined along an FKM x. 

Proof. The summation convention is not used in this proof. If we sub- 
tract the fourth equation in ()5.2|) . with p = a + m, from the third 
equation in ()5.2p . we obtain 

(8.5) 5^(F„^,. - F„V™.)^^ = ^MXZ - t) 

i b 

Putting ()8.1|) into the second equation of ()5.9|) gives 

(8.6) F^^^ = ^(i^ofe^b+ma + '^Ppb^b+ma) 
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and putting (jH.lj) into the second equation of gives 

b 

Subtracting (|8.7|) from (|8.6|) we get 

(8.8) 

— — \^ ( F^ (F^ -\- F'^ ) -\- 2F'^ ( Ff -\- F' 

^aaP ^aa+mf3 ~ /-^ \^ ah\^b+ma ^ ^a+mb) ^ l3b\-^ b+m a ^ ^ c 



a+m bj 



b 



Likewise, using the third equation in ()5.9|) and in (jS.lOj) . gives 
(8.9) 

_ ^S^ipt^/pt^ _i_ ]iOF''(F^ A- F^ )) 

^ aau ^ aa+mu / j V (y.b\^ b+ma ^ ^ a+mbJ ^ ab\-^ b+ma ^ ^ a+mbJJ 
b 

Expressing 9^ — 0'^^^^ in terms of our coframe field, we have 

(8.10) - eix^:: = + LUm^'^n + E + E 

c a n 

where the coefficients are smooth functions on U, each skew symmetric 
in a, b. 

By the Spanning Property, as expressed in (a') of Remark |H1 we may 
assume the basis of W chosen so that for some a, the set of vectors 



spans Vq. Fix this choice of a. Substitute ()8.10p into ()8.5|) and compare 
the coefficients of uj°' on each side to obtain 



(8-11) ^aaa ^aa+ma ~ "y^.^ab^ba 



Compare this to (j8.8p . in which we set /3 = a, to obtain 

(8.12) E (3(n%a + i^a% J - ^L) = 

b 

for all a and ^. By the Spanning Property, then, the vectors 

ma~^ ^a+mb) ^ba )eb 

b 

for each a and /i, are orthogonal to every vector in Vq. Therefore, 

(8-13) '^{^b+ma + ^a+mb) = ^ba 

The left side of this equation is symmetric in a, b, while the right side 
is skew-symmetric in a, b. Therefore, for our choice of a, ()8.2p holds 
and 

(8.14) = 
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for all a, b. Now, ()8.8|1 becomes, for our choice of a and for any f3, 

b 

Substitute ()8.10p into ()8.5|) and compare the coefficient of with ()8.15|) 
to obtain 

^abi^b+ma + ^a+mb ~ ^bfi) = 

b 

for all a, /5, and /i. Again, the Spanning Property then implies that 

jpP _|_ p/3 J a 

^b+ma "T -^a+mb ~ ^bfB 

for all a, 6, and j3. Hence, as before, each side of this equation must be 
zero. Therefore, ()8.2|1 and ()8.14|1 hold for all a, 6, and a. 
We can prove ()8.H|) and 

(8.16) L^^ = 

for all a, h and /x in a similar way, by first fixing an appropriate /i and 
comparing coefficients of uo^ in ()8.5p after substitution of ()8.10|) into it. 
In this case (b') of the spanning property is used. 

With (jHUl) and (Q now true, we see that and (jHH) become 

(R ^^\ f'^ = f'^ f^^ = f'^ 

V"--^'/ aa/3 a a+m (3^ ^ aau ^ aa+mu 

and and fTT^ substituted into (ICTH) give 

(8.18) dt - 0,-+™ = Y^{Liy + L^,^„u;^+-) 

c 

Substitute this into (|8.5|) and compare coefficients of u;'^ and to 
get 



^ ab be ^ aac 

(8.19) 



a+m c 



Erpli j a = _ 

ab b c+m aa c+m ^ a a+m c+m 



Subtracting gives 



f8 9(\\ \^ Ff^ ( T,°- — 7",° \ = F'^ — F'^ — F^ -I- F^ 



We want to show now that the right hand side of this equation is zero 
on U. To that end, we begin with the first equation in (j5.9j) . which 

says 

(8.21) ^aab ~ ~2 ^c+ma^c+mb + 2 ^c+mb^c+ma 

c c 
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and says 



(s. 00] T?^^ = - = - 

J. Q,Q,+mb r) a+mba' aab+m ry b+maa 



1 PA* =1 

2 a+mba' aab+m 2^ 

and the first equation in (j5.1(J|) says 

1 1 
23"! = - F'^ Ff^ - - \^ F^ F°' 

aa+mb+m / j a+m b+m c / ^ b+m c a+m c 

c c 

Hence, using ()8.2p and ()8.3|) . the right hand side of ()8.2U|) is 

_ _ F/^ _|_ F/^ 

rvnh rv n~l-m h (\n /i4-m ' rv 



aab a a+m, b aa b+m ' a a+m b+m 

— 1 \^ _|_ i \^ _ 1 _ 1 

2 / ^ c+mg-^c+mfe ~r 2 / ^ e+mfe c+ma 2 2 ''+"^"" 

c c 

' 2 / ^ a+™.c fe+me 2 / ^ 6+mc g+me 2^ f'+^^Cf ' b-\ 

c c 

I 1 \^ frt^ (p» -I- -I- i ^ F^ ( F'^ 4- 

' o / ^ a+mcV c+mb ' b+mc/ ' <-> / ^ c+mbv c+ma ' a+mc 



c 



O V a+m ba~ ^ I 



2 a+m OQ ' ~ b+maa) 

and so we want to show that this last term is zero on U when (|8.1|) , (|8.2j) 
and (|8.3|) hold. By the second equation in (|5.2|) . 

EpM ,i _ _ \ ^ QC+m _ \ ^ pM Z]C I \ ^ -pu QtJ. 

^ a+mU^ ~^^a+mb / , -^c+mb^a+m / ^-^a+mc^b ' / ^-^a+mb^u 
i c c V 

and 

EpM i _ _ \ ^ nc+m _ \ ^ /ic , \ ^ pi/ 

^b+mai^ ~^-^b+ma / j ^c+ma^b+m / ^-^b+mc^a^ / ^-^b+ma^u 
i a c V 

Sum these two equations and use (j8.2|) and (j8.3|) to get 

"^^X-^a+mbi ~^ ^b+mai)^ ~ i^b+mci^a+m ~ ^a) + ^a+mci^b+m ~ ^b)) 

i c 

By (I8.18|) . the right hand side of this equation is in the span of the set 
of 1-forms {u'^ , uj'^'^"^ : c = 1, . . . ,m}, and therefore the coefficients of 
uj°' and u)^ on the left hand side must vanish, to give 

^8 24"! F'^ -\- F^ = n F'^ -\- F^ = D 

\^o.^*±; ± a+mba ^ ^ b+maa ^ a+mbv ' ^ b+mav " 

and we have finally proved that the right hand side of (|8.2m) is zero on 
f/, and therefore 

(8.25) 5^F,^,(L^,-L^,^J = 
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on U, for all a, c, a, and fj,. Multiplying this equation by the X = 
^ XaCa of (a) of the spanning property, we conclude that 

(8.26) LI - Lt,+^ = 

on U for all a, b, c. Substitution of this into ()8.18|1 gives 

(8.27) e^, - eixz = E ^bci^^ + ^''■"') 

c 

To complete the proof of ()8.4j) . it remains to show that 

(8.28) Ll + L% = 

on U, for all a,b,c. By (Q, dHU) and and the known skew- 

symmetry L^^ = —L'^ac^ we have 

(8.29) Yl PU^^^' = E ^-^^ + E ^'^^-(^'^ + ' 

i i b,c 

Comparing the coefficients of u'^, we have 

(8.30) Faa+mc — ^aac + ^ab-^a 

b 

Interchanging a and c and then summing, we have 

'^l -I- F'^ = F'^ -I- -I- \ ^ F'^ f r ^ 4- 

yo.Oi-) ^ aa+mc ~r -'^ac+ma ^ aac ' aca ' / j ab\ ac ' c 



■b 
-'ac 



caJ 



By the first equation in ()5.9p . we have 

(8.32) F^^^ + F^^, = 
Hence 

(8.33) Faa+mc + ^ac+ma ~ ^ ] ^abi^ac ~^ ^caJ 

b 



on f/ for all a and yU. In ()8.29|) compare the coefficients of u'^'^"^ to get 

_ _|_ r b 

^ aa+mc+m ^ aac+m ~r / ^ ab a 



ac 



Interchange a and c and sum, to get 

(R -\- = -I- F'^ -I- \ ^ fP^ ( -\-T^ 1 

yo.O^) a a+m c+'m~^ a c+m a+m ■'^ aa c+m' ■'■ aca+m' / ^ ab\ ac' ca) 

b 

By the first equation in ()5.10|) . 

ptj. 4- = n 

aa+mc+m ' ^ ac+ma+m " 

and the last equation in says that 

_ and F'^ = F^ 
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Therefore, is 

(8-35) Fac+ma + ^aa+mc ~ ~ ^ ] ^abi^ac ~^ ^ca) 

b 

Combining this with ()8.HH|1 . we conclude that 

(8.36) E^'^(^- + ^-)=0 

b 

for all a,c,a,^. The spanning property then implies ()8.28j) . □ 

Resume use of the summation convention. 
Proposition 20. // equations ()8.1|1 through ()8.4jl hold on U, then 

(8.37) F^j^^^L^^^ + F^_^_j^ijL^^ = 2(F^^F^^f, + Fl^b-^d^ma) 

(8.38) Flf_^_j^^Lii^ + Fj^^^f^L^^ = 2[F^j^^^Fl^^ + -^a+md-^ab) 

1 1 

v°-"^^/ ^ ab+ma ~ ^ha^ ac 2 '^+™- ''^+"^ " 2 '^+'"" '^+™^ 

Proof. These identities come from differentiating ()8.ip through ()8.3p . 
Using our definition of covariant derivative in ()5.2|) . we have 

J fpa I p/3 na rpa nc+m rpa nc rpa i 

to Ar\\ h+ma^ ^ b+ma^ 13 ^ c+ma^b+m ^ b+m a ~ ^ b+m ai^ 

(8.4U) „ 

rl -I- fl'^ nc+m rpa nc rpa t 

"-^ a+mb "T ^ a+mb^P ^ c+mb"a+m ^ a+mc^b ~ ^ a+mbi^ 

Summing these two equations and using (j8.2p and (|8.4|) . we get 

(8.41) {F^j^j^^Ll^ + F^_^^f^Ll^){u'^ + u;'^+"') = (F^^^^^j + F^j^.^^^)uj'' 
Equating the coefficients of tu'^, we have 

(8.42) Pc+ma^bd + ^c+mb^ad = ^b+mad + ^a+mbd 

From ()5.7j) we see that the right side of ()8.42j) is 

piJ- _2F^ — rr^ rr^ — 2F^ F^ 

/„ b+ma ad b+md aa a+mb ad a+md ab 

1^-43 j - 2F^ F^" -\-2F'' F^ 

~ d+mb^ aa ^ d+ma^ ab 

where the last equality comes from using ()8.3|) . Now ()8.37|) follows 
from (j02|l and (j^l^ . Equating the coefficients of 0;^^+™ in (jSlTjl leads 
again to ()8.37j) . Equating the other coefficients leads to the identities 

(8.44) Fb+ma(3 + ^a+mbfi = ^'^d -Pft+maAt + ^a+mbfi = 

We next find the consequences of taking the covariant derivative of 
equation ()8.3|) . Again by ()5.2|1 . we have 



, .^N b+ma^ ^ b+ma^u ^ c+ma'^b+m ^b+mc^a ^b+mai^ 

5.45 

jpM I rpv nn pM nc+m pM /gc pM J 

a+mb^ ^ a+mb'^y ^c+mb'^a+m ^ a+m c'^ b ~ ^ a+m bi^ 
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Summing these equations and using ()8.3|1 and ()8.4|1 . we get 

(8.46) (F,%,Lg, + F^^^,Ll,){u' + u:'^^^ = (F,';^^, + Fl^^^Ju;^ 
Equating the coefficients of u'^ we have 

(8.47) Flf_^^^Ljj^ + F^'^^^Lq,^ = F^+marf + -^a+mftd 

By dEH)), the right side of (IHTf|l is 

(8.48) Fb+ma-^ad ~^ '^^b+md^aa + ^a+mb^ad ~^ '^^a+md^ab 

Using ()8.2p in ()8.48p . we then arrive at ()8.38|) . Equating coefficients of 
^d+m (jjj.46|) also leads to ()8.38|) . Equating coefficients of cu" and of 
gives 

(8.49) Pb+maa + ^a+mba ~ ^ -^b+mau + -^a+mbu ~ ^ 

Finally, substitute the ffist equation of ()5.9p into ()8.30p to arrive at ()8.39|) . 

□ 

We define the covariant derivatives of the L^^ to be the coefficients 
L^^- of the 1-form 

(8-50) dL^^ + L'IJ)"^ - - Ll^O'j: = L^^iU' 

Remark 21. If the L^^ are skew symmetric in all three indices, then the 
functions L^^- are skew symmetric in a, b, c. 

Proposition 22. // equations (18.111 through ()8.4|1 hold, then the L^^^ 
are skew symmetric in all four indices, and 

^-^^ Lied = ^{^adSbc - SaJbd) + - {L'^eLld " L'^eLtc) 

' c+ma d+mb c+mb d+ma 

1 a e 1 a e a e 

(8 52) ^bcd+m = -j^i^achd - ^ad^bc) + L^e^dc + '^^^''^e^bd " ^de^c) 

~r d+m a-'- c+mb d+mb c+ma 

(8.53) L^^^ = L^gFg",,^^ + 2{F^^F^^^^ — Fj^f^Fjf^^^) 

' a 

''bcfi 



8.54) LI — L^gFg'^^g + 2(F^^Fg°,_^^ ^aa^c+mb) 



'^SacSbd — Sad^bc — Sab^dc — 

ja TC j_ T a TC j_ n( rpo! rpa , rpa rpa \ 

^be^de ^de^be "r b+mc^ d+ma "r ^ b+ma^ d+mc) 



(8.55) 

(8-56) -^6cd+m + ^bdc+m = 
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Proof. This proposition is a consequence of taking the exterior deriva- 
tive of (lOD . Notice that (IH^Hll follows directly from 
Using ()4.18|) and the structure equations ()2.4|) . we find 

+ [Liet - Lira + L:,LU^' + ^'^n + '^{KaF!!^mb - KbFi^-.ma)^'' 

Using (jS.lj) . we find 

- LlF^^^^u" - LZF^^^^un A (^^ + u^^n 

The exterior differential of ()8.4j) is obtained by equating the preceding 
two equations and using (jS.SOj) . to get 

Ll^u^ A {u^ + u^^n = 



(8.57) 



I ( T a jd _|_ rpa rpa , Tp^l \ c 

"T y^dc^be ' ^ e+ma^ c+mb ' ^ e+ma^ c+mb)^ 

j_ (ja jd I ja jd , pa pa , pM pM \, ,c+m 

"t" l-^fed-^ce "T ^dc^be "r -^c+ma-^e+mfe "r c+m a-^e+m feJ"^ 
I { T a fpa _|_ r) p/i pM 9 pM pM V ,a 

+ (^^c^c'Vn.e + 2F-^„„F^^, - '2F!:;,F!:^^,)u^] A (^^ + u^^^ 

Equating the skew symmetrized coefficients of uj'^ A uo'^ in this equation, 
we have 

^bec ~ ^bce = ^dc^be ~ ^de^bc ~ ^ae^bc + ^ac^be 

/o rQ\ _|_ pa pa pa pa 

v"""^"/ ~^ e+ma c+mb c+ma e+mb 

_|_ pM pA* pM 

Rewrite ()8.58|) with h and e interchanged and add the result to ()8.58p . 
Using that L^g, L^^^, -Fe"i-m6 F^+mb skew-symmetric in b and 

e, we get from this sum 

^bce + -^ec6 = ^bd^ld + ^td^bd + ^ae^bc + ^ab^ec " 2(5ac5f,e 

(^O.Oyj 1 ^ b+mc e+ma ~^ b+ma e+mc 

I _|_ pM pM 

Equating the coefficients of u'^ A oj^^"^ in ()8.57p . we find 

(8.60) L^g^ — i^6ce+m = ^dc^be ~ ^bd^tc ~ ^de^bc 
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Rewrite this equation with b and c interchanged and add the result 
to (j8.6(J|) . From the skew symmetry of L^^ and L^^^ in a,b, c, it follows 
from this sum that 

(8.61) LL + ^:e. = 

from which we conclude that L^^^ is skew symmetric in all four in- 
dices. Putting (jH.filj) into ()8.59|1 . interchanging d and e and using the 
first equation in we arrive at ()8.55j) . Putting ()8.()1|1 into ()8.58j) 

and using the first equation of ()5.6p . we get ()8.51|) . Substitute 1)8.511) 
into ()8.60|) to obtain ()8.52|) . Go back to ()8.57|) and equate coefficients 
of uj°' A tu^ to obtain ()8.53|) . and equate coefficients of cj^ A cj^ to ob- 
tain □ 



9. A SUFFICIENT CONDITION TO BE FKM 

Let X, Ca, Bp, Ca, 6^, cq bc a second order frame field ()2.2p in [/ C M 
along an isoparametric hypersurface x : M — * S*" C R*^"*"^. We continue 
using the index conventions in ()4.6p . Let x = cossix -|- sinsiCo be a 
focal submanifold and let Cq = — sin Si x -|- cos Si Cq so that 

(9.1) X, 60, 6(j; Cp, Cq; 

is a Darboux frame field ()4.16|) along x on U. Let 

(9.2) u^,ujP,uj'',uJ^ 
be its coframe field ()4.13p on U. 

Theorem 23. //x satisfies the spanning condition (definition^ and 
condition ()8.1|) . -F^a+m = ^aa' ^''^ ^> then it comes from an FKM 
construction. 

Proof. It is sufficient to prove the theorem locally, on some open neigh- 
borhood, because isoparametric hypersurfaces are algebraic. For each 
point in U, the vectors of our Darboux frame field ()9.H) form an or- 
thonormal basis of R"+^. Linear operators Qo, Qa on R""*"^, depending 
on the point in U, can thus be defined by ()7.39p and ()7.40|) . which we 
recopy here for easier reference 



QoX = Co QoCq = X QoCa = -Ca+m 
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and for each a 



(9.4) 



Qa^b = Sab^ — L'^ab^c+m + Fa+mb^a + Fj^+^b^tJ- 



Qa&b+m — ^ab^^O + -^ab^c + -^b+ma^a 



where the coefficients are defined now in ()4.18p and ()8.4p . We first 
outhne the quite elementary proof of the theorem, and then follow 
that with a proof of the details. The first detail is: 

(I) . At each point of U these operators are symmetric, orthogonal 
and satisfy 

(9.5) QiQj + QjQi = 26ijl, for j = 0, 1, . . . , m 

Given that, one next proves the second detail: 

(II) . There exist a (constant) Clifford system PQ,...,Pm on R"+^ 
and a smooth map 

(9.6) B -.U ^ S0{m + 1) 
such that at every point of U, 



(9.7) Q, = J2b}P^, for j = 0,1 



It will then follow that x maps U onto an open subset of the focal 
submanifold M_|_ defined in ()7.4|) by this Clifford system, and that the 
Darboux frame field ()7.14|) coming from the FKM construction applied 
to Po, . . . , Pm coincides with our frame field ()9.1|) . Therefore, our x : 
U S"- coincides with the FKM construction applied to this Clifford 
system. 

We turn now to the proof of detail (I). The verification that each 
Qi is symmetric can be done almost by inspection. It is equally clear 
that Qq is orthogonal, since it sends the orthonormal basis (|9.1|) to an 
orthonormal basis. The operator Qa sends the orthonormal basis 1)9.11) 
to the set of vectors given on the right hand side of ()9.4|) . Among these 
vectors, QaX, Qa^o is an orthonormal pair orthogonal to the remaining 
vectors because L^^ are skew symmetric in a, b, c and F^^^f^ and -F^+^f, 
are skew symmetric in a and b. 

In the following verification that 
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is orthonormal, we do not use the Einstein summation convention as 
a will always be a repeated index which is not summed. We proceed 
through all the cases. 

Qaeb ■ QaGd = SabSad + ^ L^^L"^^^ 

c 

I ^ pa pa _|_ _ X 

^ a+m b-^ a+m d ^ ^ a+m b"' a+m d ^bd 

a fi 

by ()8.55p with c changed to b and b changed to a. 

Qa^b ■ Qa^d+m = ^ ] ^a+mb-^d+ma ~ ^ ] ^a+mb-^d+ma ~ ^ 
a n 

by the first equation in ()5.6|) . 

Qa^b ■ Qa^a = ^ac^c+ma ~ ^ ^a+mb^aa ~ ^ 

c /X 

by ()8.37p with (i changed to a. 

c a 

by ()8.38|) with c? changed to a. 

Qa^b+m ■ Qa^d+m = ^ab^ad + ^ ] ^ab-^ad 

c 

_|_ pa pa _|_ _ X 

/ ^ b+ma-^ d+ma ^ / , ^ b+ma-^ d+ma "od 

a /J, 

by ()8.55p with c changed to b and 6 changed to a. 

Qa&b+m ■ Qa^a = ^ab-^a+mc + ^ ^b+ma-^aa ~ ^ 

c /X 

by ()8.37p with ci changed to a. 

c « 

by ()8.38p with ci changed to a. 

QaGa ■ Qaep = 2 ^ F'b+maFb+ma + X] ^aa^^a = ^a^ 
b fi 

by the second equation in ()5.6p . 

Qa^a ■ QaC;^ = ^a+mb^a+mb ~ ^b+ma-^b+ma ~ ^ 

6 6 
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by (|H21) and (j^ . 

Qa&fj, ■ Qa^v = 2 ^ ^ -Fb+ma-Fb+ma ~^ ^ ^ ^ Paa-Faa ~ ^iJ-f 
b a 

by the fourth equation in (j5.6p . That completes the verification that 
each Qi is an orthogonal transformation. 

We proceed now to verify ()9.5|) . For this we return to using the 
Einstein summation convention. Clearly Qq = /. To verify that QoQa+ 
QaQo = 0, for all a, we set S = QoQa + QaQo and evaluate it on the 
basis vectors. 

S'X = QoCa + Qaeo = -Ca+rn + Ca+m = 
5*60 = QoCa+m + Qa^ = "Ca + Ca = 
Set, = QoiSab^ + L^acec+m + K+mb^a + K+mb^^t^) + Qa{-eb+m) 

- 5abeo - Ll^Cc - Ffo+^^e^ + F^_^^^e^ = 



Ay r^f^ /= p n 



Sca - Qo{F"^j^^eb + F^j^^^Cb+m. - 2-F^„e^) + Qa(-ea) 

^ a+mb^b+m ^b+ma^b ■^■'^ aa^fJ. 
~ Fa+mb^b " ~^ 2-F^Q,e^ = 

SCf, = Qo{Fl^+rnb(^b - Fj^^^^^Cb+m " SF^^Cq) + QaC/, 
~ ~Faj^mb^b+m + Fj^^^^Cb + 2F^^ea 

+ Fa+mb^b — Fj^^^^eb+m — "^Fj^^Ca = 

Therefore, = 0, which is what we wanted to prove. 

Next we verify that QaQd + QdQa = '^^adl for all a and d. For this 
verification we let T = QaQd + QdQa and we evaluate it on the basis 
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vectors. 



Tx = Qa^d + Qd&a = ^arfX + L'^^Cc+m + ^a+md^a + ^a+md^lJ. 



~l~ ^ d.4-m.h-^ n4-m. p ~l~ ^ nA-m.h-^ dA-m. p ~l~ W-Um /i-^ A-t-m f. ~l~ ^ n-l-rr) h-^ ri p I ^ & 



, rfc r 

u 

d+mb-'- a+me a+m ft-* d+m e d+mb''' a+me a+m 6'' d+m e/'^e 

I ^' pa _|_ pa pa pM pM pM pM \„ 

' K-'^ d+mb-'^ e+ma ' ^ a+mb^ e+md ^ d+mb^ e+ma a+mb^ e+mdJ'^f'+m 

\ (jb rpa _l_ T?'^ 9 P'^ 9 P'^ P'^ "Ip 

"T l-^dc-'^c+ma ^ac^ c+md '^^ d+mb^ aa '^^ a+mb^ adJ'^a 

— (t!^ -I- r,^ F'^ -l-9P° P^ -I-9P" P^ V 



where the coefficient of Ce comes from ()8.55|) . the coefficient of Ce+m is 
zero by the ffist equation of ()5.6|) . the coefficient of is zero by ()8.37p 
(with the roles of b and d reversed) and the coefficient of is zero 
by (|8.38|) (with the roles of b and d reversed) . 



Te,+„ = (L2, + Lfjx 

I f pc* Jpa _j_ pa pa pM pM pM pM \ 

' \ b+md a+mc ' ^b+ma-'^ d+mc b+md a+mc b+ma d+mc) 

+ {^db^ae + ^ab^de + -^dfe-^ae + -^afe-^de 

I jpa rpa , pa pa , pM pM i pM pM N 

~r -'^^b+md-'^e+ma ^ b+ma-'^ e+md ^b+md''^ e+ma "r -^^ b+m a"*^ e+m d/'^e+m 

+ i-^dbFa+mc + ^abFd+mc + ^-Ffo^i-m d-^aa + '^Fj^^^^F^^Ca 

J- ( T P'^ -L P'^ 9 P° P/^ 9 P*^ P'^ "lo 

"T l-'^db-'^a+mc "T -^afe-'^d+mc ^-'^ft+md-'^aa b+ma^ adJ^t^ 

~ '^^ad^bef^e+m ~ '^^ad^^b+m 



where the coefficient of Cg+m comes from ()8.55p . the coefficient of Cc is 
zero by the ffist equation of ()5.6p . the coefficient of is zero by ()8.37p 
(with the roles of b and d reversed) and the coefficient of is zero 
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by ()8.H8j) ( with the roles of b and d reversed) . 



I / pa T c _|_ pa T c r) Tpf^ 9 pM N „ 

' \^b+rad^ab ^b+ma^db ad^ a+mc aa^ d+mcJ'^c 

~^ i-^d+mb-^ac "I" ^a+mb^dc ~^ '^^ad^c+ma + '^'^aa-^c+md)^c+n 




md b+ma ~'~ 6+ma b+md b+md b+ma b+ma b+md' 



— '^^alB^ad^P — '^^ad^a 



where the coefficients of x and cq are clearly zero, the coefficients of 
Cc and of Cc+m are zero by ()8.H7p (in which the roles of a, 6, c, d are 
here played by a,d,b,c), the coefficient of comes from the second 
equation of and the coefficient of is clearly zero. 



where the coefficients of x and cq are clearly zero, the coefficients of Cb 
and Cft+m are zero by (j8.38j) (in which the roles of b and d are reversed) , 
the coefficient of Cq, is zero by (j8.2|) and (j8.3|) . and the coefficient of 
Cfj, comes from the fifth equation of ()5.6p . This completes the proof of 
detail (I). 

In order to prove (II), we must find a Clifford system Po,...,Pm 
which is related to Qo, . . . , Qm by ()9.7p . We do this by finding the map 
B:U ^ SO{m + 1) of Let 



(9.10) = ei + Ll,u^^-^ + F:^^ + F^^^ ,u:^ = -v\ 



~ C^iF^d-^a+mb "I" F^a-^d+mb) "I" F^+md-^ac "I" Fc+ma-^dc)^b 
~ {Fd+mc^ac + ^^Fad^b+ma + Fj^+mc-^dc + '^F^a-Fb+m d)^b+: 




a 



(9.8) = tu'^ + 
Use (jniD together with (jHI2D-(|H]ll) to find 

(9.9) rfz/" = -z/fc" A u'' 



where 



Set 



(9.11) 
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We shall verify below that 

m 

(9.12) dQ, = J2 Qki'h for J = 0, . . . , m 

fc=0 

Differentiating this, we find that 

m 

(9.13) dv] = - ^ z/^ A z/j^, for i,j = 0,...7n 

k=0 

In fact, ()9.9|1 is the case i = a, j = and also implies the case i = 0, 
j = a. To verify the remaining cases in (|9.13|) . we take the exterior 
derivative of (|9.12|) when j = a, and then use (j9.12p and (|9.9|) to find 

= ddQa = dQo A z/° + Qodu^^ + dQf, A z/^ + Q^du^^ 

(9.14) = Q,u' A z/° + Qou^ Aiy' + (Qo^^b + QA) ^^^1 + Qbdiy'a 
= Q,{dvl + vl A z/^ + z/" A z/°) + go « A z/" + vl A v^) 

which implies ()9.13p because the coefficient of Qo is zero and the Qh 
are linearly independent at each point of [/, as can be seen from the 
fact that QftX = are linearly independent at each point. Define the 
o{m + l)-valued 1-form z/ to be 



(9.15) 







Z/q 



Then fl9.9|) and ()9.13|) imply that dv = —v A v. Therefore, on a simply 
connected subset of [/, which we continue to call t/, there exists a 
smooth map 

(9.16) A:U ^ SOim^l) 

such that A~^dA = u. Denote the entries of A by the functions A*, 
i, j = 0, . . . ,m, so that the entries of dA = Av are given by 



(9.17) d4 = J]4z/: 



Let 



A; 

k=Q 



(9.18) P, = ^A)Qj, ion 

j=0 



m 



which, at each point of f/, is a set of symmetric, orthogonal transfor- 



mations of R"+^ satisfying the conditions PjP, + PjPi = 26ijl, since 
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QiQj + QjQi = 26ijl and A e S0{m+1). Using ^TV^ and (jOTjl . we 
have 

m m 

(9.19) dPi = J2iidAi)Q, + A)dQ,) = J2 i^lQj^! + ^)Qk^]) = 

j=0 j,k=0 

since + uj =0. Therefore, each Pj is constant on U and Pq, . . . , P^ 
define a Chfford system on R""*"^ and ()9.7j) holds with B = A~^. 

All that remains of the proof of detail (II) is to verify ()9.12|1 . for 
which we need the Maurer-Cartan equations (j4.2m) for our Darboux 
frame field. We first verify ()9.12j) for j = 0, then for j = a, in both cases 
by evaluating each side on the basis vectors. Differentiating equations 
in ()9.3p and using ()4.20p . we get 

((i(5o)x = d{Qox) - Qo d^K 

= deo - Qoiuj^^'^ea+m + ^"e^ + o^'^e^) 

= u^ea - uj°ea + i^^e^ + uj^^'^Ca + u;°ea - w^e^ 

{dQo)eo = d{Qoeo) - Qodeo 

= dx- QoiuJ^Ca - UJ^Ca + UJ^C^) 
= V^Ca+m = ^"Qaeo 

{dQo)ea = d{Qoea) - Qodca = -dca+m - Qo dca 
= z/^x + (^r- - <„)e, + U - ^lXZ)eb+m 

+ i^a - ^a+m)ea - (^a+m + ^a)e/. 
= ^ {Sab^ + L^b^c+m + Fb+ma^a + Fb+ma^t^) 
= V^Qb^a 

{dQo)ea+m = d{Qoea+m) — Qo dCa+m = —dCa — Qo dCa+m 

= {u^ + u^^^neo + UXZ - iot)e, + - uj'^-'neb+m 

= iy''{6abeo - Llf^Cc + F^+^ftCo, - Fl^_^_^^e^) = v^Qbea+m 
{dQo)ea = d{Qoea) - Qo de^ = -de^ - Qo de^ 

~ ^ {Fb+ma^a ~ -^b+ma^a+m ~ ^-F^^e^) = V Qb^a 

{dQo)e^ = d{Qoe^) - Qo de^ = de^ - Qo de^ 
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That completes the verification of ()9.12|1 for the case j = 0. 

We now verify the equations in (j9.12p for the cases j = a by applying 
each side to the basis vectors. Using ()9.4|) and ()4.20p . we have 



{dQa)eQ = d{Qaeo) - Qadeo = dCa+m - Qai^^^eb - uj^'ea + uj^e^) 
= (_^«+- _ ^'^)x + (el^^ + f:^^,uj- - F^^^.uj^Cb 

+ iO:+m-F:^^b^' + 2F^^u;nea 

= -z/'^x + (C" - Llbu;^ + Fblma^'^ + Fi:^^^u:^)eb+m 
= -z/"x + u^eb+m = [VaQo + vlQb)eo 



where the coefficients of e^, and are zero by ()4.18|1 . and ()9.10|1 is 
used in the coefficient of Cb+m- 

In order to verify ()9.12p when both sides are applied to e^, we must 
verify that 



(9.20) 



diQaCb) - Qadeb = {dQa)eb = f°Qoeb + l^aQc^b 



^ c+mb^ 



+ F' 



c+mb^a^t^ 
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Using ()9.4|1 and ()4.2()|1 , and gathering together the coefficients of each 
basis vector, we get 

d{Qaeb) - Qadeb = 

I / rc nd I rpa nd , rpfi nd 

' \ ^ab'^c+ra "r ^a+mb^a "r -'^a+mb^fJ. 

- ^acf^b - ^a+md^b - ^a+md^b )^d 

(9.21) + (5.,^^+™ - dL^, - Li,9ZZ + i^a+r^.e"^ + K-,rrJT 

+ ^ac^^ + -^ad^fc ~ Pc+ma^b + Pc+ma(^b)'^c+m 

+ (5a6^° - Llb^^c+m + dF^^^^ + F^^^^e'^ 

^■^a+mb^u ^ a+mc'^b ^ c+ma^b ^ '^■'^^ aa^b J^fJ- 



The coefficient of x is z/^ by ()9.10|) . The coefficient of cq is Substitut- 
ing ()4.18|) into the coefficient of e^, we get 

f—P" _ pa _|_ Tp^^ _|_ 

V a+mfe c+md a+md c+mb ' a+mb c+md ' a+md c+mb) 



ijj 



— (T, F"" , + /^.'^ F° , —2F^ F^ —2F^ F^^ 

\^ac^ c+md ' ^ac^ c+mb a+mb^ ad a+m,d^ ab, 

"T \^ac^ c+md -^ac-'^c+mfc ^"'^a+m fe-'^ad ^-'^a+md-'^«b/"^ 

which is zero since the coefficient of uo'^^'^ is zero by the first equation 
in fl5.6|) . the coefficient of is zero by ()8.37|) and the coefficient of 
is zero by ()8.38|) . Thus, the coefficient of is zero, in agreement with 
the right hand side of ()9.20p . 

By dUIHl), (prHIH) and with the coefficient of e^+m be- 

comes 

Lc ^ .d I , .a rc 

~ i^lbd ~ ^ab^ld + Fa+mbFc+md + ^a+mb^c+md ~ ^ac^bd + ^bc^ad)^'^ 

\ ( Tc J- T T ^ J- T T P"^ 

"T I ^abd+m ^eb-'^da ^ab-^ed ^ c+ma-^ d+mb 

- Fc+maFd+rnb + '^ab'^cd " ^fec'^ad)^^'^^" 

+ i^-^aba + ^db^d+ma ~ "^^a+mb^ac+m ~ '^Fj^j^^ ^Fj^j^)uj 

+ {~-^abijL + ^db^d+ma + + 2^^^^^ ^F^^)ci;^ 

We now verify that zero is the coefficient of each of 
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The coefficient of uj*^ can be seen to be zero by taking (jH.Slj) (with 
indices in the order c, a, 6, d) and subtracting half of (j8.55|) (with indices 
as is). 

The coefficient of u'^^^ can be seen to be zero by using ()8.60|) . then 
adding ()8.51|) (with indices in the order c,a,b,d), then adding half 
of ()8.55|) (with indices as is), and then using ()8.55|) again (with the 
roles of d and c reversed). 

The coefficient of cj" can be seen to be zero from (|8.53|) and (|8.37p . 

The coefficient of u'^ is zero by (j8.54j) . 

Hence, we have shown that the coefficient of ec+m in {dQa)eb is as 
given in ^TM . 

Using ()5.2|) . ()8.4|) and ()9.1U|) . we can rewrite the coefficient of Cq, in 
{dQa)eb in (Pmi) as 

^ c+mb'^a 

_l_ /'pa J- P" p/^ P'^ P*^ T \i f 

~^ \^ a+mbc^ ■'^ad-'^ d+mc ^ a+mb^ ac ^ d+mb-'^ac)^ 

-Lfpa , _ p/^ p/^ _2F^ 
I a+mbc+m ^ a+mb ac+m aa^ c+mb) 

I ('pa _|_ A A AW^^ P'^ P° P^ V j*^ 

"T l-'^^a+mfe/3 "T ^ab^aP ^ c+ma^ c+mb aa^ pb ^ c+mb^ c+ma)^ 

_|_ f pa njb rpfi , pa pa pM V .M 

'y-'-a+mbfi '^■'^ac-'^ ac ' ■'■ c+ma-'- c+mb ^ c+mb-'- c+ma)^ 

The coefficient of uo'^ is seen to be zero by using the ffist equation in ()5.7|) 
and then using ()8.37p . The coefficient of uo'^^"^ is zero by the second 
equation in (j5.7j) . The coefficient of is seen to be zero by using the 
third equation in (j5.7|) and the using the second equation in (j5.6p . The 
coefficient of u'^ is seen to be zero by using (|5.1ip and then using (j8.39|) 
(with the roles of a and h interchanged). 

Using ()5.2p and ()9.10|) . we can rewrite the coefficient of in {dQa)eb 
in as 

P^ u^A- 
^ c+mb'^a^ 

( pi^ _i_ r'' p/^ -I- P" pM _ p/^ j-d \, ,c 

V-' a+mbc ^ ^ad^ d+mc ' ^ a+mb^ ac ^ d+mb^ac)^ 

_|_ /' pM _|_ pa pM _j_ opM pa V .c+m 

V a+mbc+m ~^ a+mb ac+m ~r ^-'^aa c+mb/"-^ 



_i_ f p^* _|_ 9 p/^ _|_ p/^ p" - 

' V a+mba ' ^^ac^ ac+m i c+ma-^ c^ 



c+m 6 c+mb c+m a 



_L fpM + , _ p/^ p'' , _ 4 pM p!^, _ pA* pi^ ^Lj!^ 
^ V-' a+mb!/ ~ "ab"/ii/ c+ma-^ c+mb aa-^ ab c+mb"' c+ma)^ 

The coefficient of cj^ is seen to be zero by using the ffist equation in (j5.8j) 
and then using ()8.38p . The coefficient of uo'^^^ is zero by the second 
equation in ()5.8|) . The coefficient of a;" is zero by ()8.39p . The coefficient 
of uo^ is seen to be zero by using the third equation in ()5.8|) and then 
using the fourth equation in ()5.6p . This completes the verification 

of dn^oi)- 
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The next case is to verify ()9.12j) when both sides are apphed to eb+m- 
We must verify that 

(9 22) '^^^"■^''+^^ ~ Qadeb+m = {dQa)eb+m = J^aQo^b+m + l^aQc^b+m 

by ()9.4j) . Using ()9.4j) to compute Qaeb+m and ()4.2()|1 to compute deb+m, 
the left hand side becomes 

+ i-Kb^" + Fb+ma^°' + Fb+ma^^ ^ ^6+^)^0 

+ (SabUj" + dLlf^ + L'^i^e"^ + Fft+„„6'^ - Fj^+ma^l 

I s: b+m TC nd+m rpa na ^^^J. nfJ. \ 

-r Oac^ ^ad^b+m ^ a+mc'^b+m ^ a+mc'^b+m)^c 



(9.23) 



I ( T c nd+m I rpa nd+m rpf^ nd+m T c 
T" y^ab^c "T ^b+ma^a ^b+ma^ti ^ad^b+m 

pa na _i_ p/J nil \ 

^ d+ma"b+m ' ^ d+ma^b+mJ^cL+m 

+ (-(5a6u;" + L;jfe6'" + dF^_^^^ + F^^^^O^ - F^+„„6'^ 

fpa nc pa nc+m , o pM /iM \„ 

^ a+mc^b+m ^ c+ma^b+m ^-'^aa'^ft+m/'^a 

+ {5abUJ^ + -^^afe6'^ + -Ffe+ma^a " dFl^^^^ - F^^^^JI^ 

pM flc _|_ pM nc+m _|_ 9 pM fla \ 

-'^a+mc'^b+m ^ c+ma^b+m aa^b+m)^ii 

We want to verify that this is equal to the right side of ()9.22|) . where 
v'l is given by (j9.1(Jj) . We do this by comparing the coefficients of the 
basis vectors x, cq, e^, e^+m, ea, e^. 

The coefficient of x is by KT^ . 

The coefficient of Cq is 

by (D, (EH) and (Pnn|i . 

The coefficient of Cc in {dQa)eb+m in ()9.23p is, using ()4.18p and ()8.5Up 
and the skew symmetry of L^^^ in all four indices, 

+ (-^fecd + ^afe^cd — ^adhc + Ll^e^bd ~ Fa+mcFb+md ~ Fa+mcFb+md)^ 

+ (Kbd+m + ^ac^bd - SadSbc + Lli,Ll^ + L^^Ll^ 

pa pa pM pM V ,d+m 

^ b+ma^ d+mc ^ b+ma^ d+mc)^ 

-L(TP —T.^ —9F^ _opM pM V ,a 

\-^aba -^eb-' e+ma ^-^ b+ma"' ac ^"^ a+mc-' ob+m/"^ 

^ l-^ab/i -^eb-' e+ma ^ ^-^ b+ma"' ac ^ ^"^ a+mc"' ab+m/"^ 

= L'^.y, + v^5bc 



be 

d 
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by (jniHI) and (jOTl|l and the following. Using for L^^^, the coeffi- 

cient of uj'^ becomes 

^ab^cd - -{SaJbd + Sad^bc) + -^{L^^Ll^ " L'^e^c) 
' ^ c+m a-'^ b+m d c+mb d+m a 

which is zero by ()8.49|) combined with the first equation of ()5.6p . In the 
coefficient of u'^^^^ substitute ()8.46p for -Z^^cd+m — ^abd+m^ gather 
together terms using skew symmetries, to get 

Ij^i^achd - ^ad^bc) + -^be-^ce + 2^deLbc + Ij^L'^e^be 

a+md c+mb a+mb c+md ' d+m b a+mc ' ^ a+mb d+mc 

which is zero by using the first equation in ()5.(jj) and then ()8.49p . The 
coefficient of cj" is zero by (j8.47|) . The coefficient of uj^ is zero by (|8.48p . 
The coefficient of e^+m in {dQa) Cfe+m in f|9-^3p is, using (j4.18p 

(—P°' pa -\- F^ — -I- F^ F^ 

\ b+m a d+mc ' b+m a d+mc d+m a b+mc ' d+m a b+mcJ 



~^ i^ba^c+md ^a+m b^ad ~^ ^ da^c+m b "^^a+md^ab+m 



I ( TC I 9 pa TC I 9 pa pM V ,^l 

"T I ^ba-'^c+md '^■'^ b+m a-'^ a d+m ^da^ c+mb d+ma^ ab+m)^ 

= 

because the coefficient of cj^ is by the first equation in ()5.6|) . the 
coefficient of u;" is by ()8.37|) and (jHUI), and the coefficient of ut'^ is 

by and dHU). 

The coefficient of in {dQa)eb+m in fl9.23p is, using ()4.18|) and ()5.2p 

Pb+mci^l + Lda^'^'^"' + F^+ma^'^ + ^c+ma^^) 

-I- (pa _|_ pA* pM _|_ 9PM pM V ,c 

~r l-'^b+mac ^b+ma''^ ac ^"'^aa-'^fe+m c/"^ 

_l_ I'P" T'^ -1-7''^ -I- V ,'^+"^ 

T" \^ b+mad+m ^ba^ c+md ' ^da^ c+mb "'^^fe+m a-'^^a d+m/"^ 

_i_ / X X I pa I pa pf3 pa pf3 . Apu pf^ \ /3 

T" I, 'Jab^a/B T J^b+maf3 ^ a+mc^ b+mc ^ b+mc^ c+ma "r ^-'^^Qa-'^^/3 6+m/"^ 

_l_ / ore p/^ _|_ pa pa pM pa pM v 

V ab ac' b+mafjL a+mc b+mc ^b+mc c+ma)^ 

pa c 

~ ^b+mc'^a 

by ()9.10|) . because the other terms are zero as follows. The coefficient 
of uj^ is zero by the first equation in ()5.7|) . The coefficient of co''^+™ is 
zero by the second equation in ()5.7|) and ()8.37p . The coefficient of uo^ 
is zero by the third equation of (j5.7|) and the third equation of ()5.6|) . 
The coefficient of is zero by the third equation in ()5.11|) and ()8.39|) . 
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Finally, the coefficient of in {dQa)eb+m in ()9.23|1 is, using ()4.18j) 
and (jniS) 

+ ( — F'^ + 2F'^ F,° W 

_l_ (_TC — T'^ F'^ _|_ F° F'^ — \i 1'^+'^ 

"T I -'^afe-'^^d+mc -^ad-'^b+mc ^ b+nia^ ad+m ^ b+mad+m)^ 

I / ore p^i _|_ pa _|_ pA* pa V a 

' \ '^^ab^ ac ^b+maa ^ a+m c-'^ b+m c ' ^ b+mc''^ c+ma)^ 



\ (X X pM _ pM -pv _|_ pA* p!^ 4 F'^ V 

1" yJab^^iu ^b+mau ^ a+mc-'^ b+mc ' ^ b+m c''^ c+m, a ^■'^ aa-'^ ab+m )^ 

- F^ u"" 

^ b+mc'^a 



by because the other terms are zero as follows. The coefficient 

of uj'^ is zero by the ffist equation in ()5.8|) . The coefficient of 0;'^+™' is 
zero by the second equation in ()5.8|) and by ()8.38p . The coefficient of 
a;" is zero by (jS.llI) and ()8.39|) . The coefficient of a;^ is zero by the 
fourth equation in ()5.6|) . 

That concludes the verification of ()9.22p . 

The next case is to verify ()9.12|1 when both sides are applied to Cq,. 
We must verify that 

diQa^a) - QadCa = {dQa)ea = l^aQo^a + KQcf^a 

— -L F° 7/^(3 -I- i/^p — 9 P'^ i/^p 

— 1^ ~r ^b+mc'^a'^c "T f,(/^ec+m z.X'^^i/^e^ 

Using ()9.4|1 and ()4.2()|1 . and gathering together the coefficients of each 
basis vector, we get 

idQa)ea = + 2Fi:,u;^ - ^^)x 

+ (-F,%,^^ + 2F,>'^-e'")eo 

"I" i^-^a+mc ~^ ^a+mb^b ~^ ^b+ma^b+m ~ '^'^aa^fi 

j_ X , ,a rc nb+m p/3 /i/3 pM flM^o 

-T (Jac^ J^ab^a ^a+mc^a ^a+m&'aJ^c 

_|_ ( pa fjc+m _|_ ^ pa flc+m _ n pfJ- nc+m 

^ a+mb"b ^ c+ma ~ ^ b+ma^b+m aa" fj, 

^ac^ + Lab^a -^c+ma^a ~^ ■^c+ma^oi)^c+m 

I ( pa I pa 9 p/^ p/3 nb 

~^ \^ a+mb^b ^ ^b+ma^b+m '^^ aa^ pi ^a+mb'^a 

-FS+mad'a^'^ + '^Fl^aO'a)ep 

I ('pa /DM I pa /D/i 9 P'^ Orl'P^^ 

"T l-'^^a+mfe'^b "T ^ b+ma"b+m aoFv ^"'^ aa 

_ p/^ fl^* I p/^ nb+m I opM Z]/3n„ 
-^a+mb'^a "T -^fe+ma'^a ^-^/Sa'^aJ'^M 

The coefficient of x is zero and the coefficient of Cq is zero, both 
by (j4T8|l . For the coefficient of e^, use (pTTSjl . (jOI) and (IH3I), and 



(9.25) 
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add and subtract appropriate terms, to rewrite it as 

I ( fpa pa rfe i pa re pM pM V d 

"T K-'^a+mcd ^b+mc^ad ^b+md^ab ^ a+mc^ ad)^ 

I V-^ a+mcd+m aa-^d+ma a+mc-^ad+m/ 

I { pa p/3 pa p/3 I pa A i X X V 

"T I ^b+mc^b+ma ^ b+m b+m c ^ ^ a+m cP ^-'^ aa-'^ /3c ' "ac^Ja/S )^ 

I / pa pA* I pa pM I pa nrc pM V 

"T I ^b+mc-'^b+ma -'^^fe+m a-*^^ b+m c ^a+mcfi ^^ab^ ab+m)^ 

pa ,,b 

by (j9.1(jp . because the other terms are zero as follows. The coefficient 
of oj'^ is zero by the ffist equation of ()5.7p and ()8.37p . The coefficient 
of uj'^+'^ is zero by the second equation of ()5.7p . The coefficient of ui^ 
is zero by the third equation of ()5.7p and then the second equation 
of ()5.6p . The coefficient of is zero by ()5.11|) and then ()8.39|) . 
The coefficient of Cc+m in {dQa)^^ in ()9.25|) is, using ()4.18|) 

-\-(F°' ,-\-2F^F'^ + F^ F'^ )uj'^ 

^ K-^ c+m ad ^ ^-^ aa-^ c+md ^ ^ c+ma-^ ad)^ 

_l_ ( p'^ — T'^ F" -\- F^ F^ — F'^ V ;'^+™ 

' \ c+mad+m ab d+m b ' c+m a-'- a d+m da c+mb)^ 

_l_ ( poi _|_ pa p/3 _|_ Afpn pM A A F'^ F^ V i'^ 

' \^ c+mal3 ' ^ a+mb^ c+mb' aa^ I3c+m ^ac^aP ^c+mb^b+ma)^ 

-L (F°' — F^ F^ -\-2lf F^ — F"" F^ )uj^ 

' \ c+mafi a+mb c+mb ' ab ab c+mb b+ma) 

= F°' 1/ 
c+m b a 

by ()9.10|) . because the other terms are zero as follows. The coefficient 
of uj'^ is zero by the ffist equation in ()5.7|) . The coefficient of uj'^~^"^ is 
zero by the second equation in (j5.7j) and then (j8.37p . The coefficient of 
Lj^ is zero by the third equation in (j5.7j) and then the second equation 
in (j5.6|) . The coefficient of u'^ is zero by (jS.lip and then (j8.39|) . 
The coefficient of C/j in {dQa)ea in ()9.25|) is, using ()4.18|) 

i^b+ma^b+mc + '^^aa^pc + '^^Pa^ac + ^b+ma^b+mc)^ 

I ^' P° p/3 _|_ 9 pM pM I 9 I zpP zpoi \ c+m 

"T y-'^ a+mb-'^ c+mb "^-"^ aa-'^ c+m '^-'^ /Sa''^ a c+m "r ^ a+mb-"^ c+mb)^ 

_ 0( pa pM _|_ pa pM 1 p/3 pM 1 pP plJ- V ,M 

a+mb^ 13b ^ ^b+ma^ I3b+m ^ ^ a+mb^ otb ^ ^b+ma^ ab+m)^ 

by ()9.8|) . because the coefficient of uj" is ^a/jf^ac by the second equation 
of ()5.6|) . and the coefficient of uj'^^'^ is also (5Q,/3(5ac by ()8.ip . ()8.2|) and 
the second equation of ()5.6p : and the coefficient of a;'^ is zero by 1)8.11) 
and 
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The coefficient of e^^ in {dQa)ea in ()9.25j) is, using ()4.18j) and ()5.2j) . 

~^ \ aac ' b+ma b+mc b+m a b+m c) 

I ('_9pM I 9 pA* Tb _ rpa rpfJ. , po \ c+m 

~r I '^-'^aac+m ' ab^ca ^ a+m b^ c+mb ^ a+mb^ c+mb)^ 

I 9/ _|_ Tpa rplJ. , pa p/J \ /3 

~r ^aal3 ^ -^b+ma-^ab ^ a+m b-^ f3b ^ b+m a-^ p b+mJ^ 



I 9('_pM I _ pA' pi' I pM p!^ V .I' 

T~ '^l ''^aau ' ^ ab-'^b+ma ^ a+mb''^ ab ^ b+m a-'^ ab+m )^ 

'^■^ab'^a 



by ()9.8|) . because the coefficient of cj'^ is zero by the ffist equation 
in ()5.9p . the coefficient of t^'^"'"'^ is zero by (jS.lip and then ()8.39p . the 
coefficient of is zero by (jHH), ()8.2|) and the second equation in ()5.9p : 
and the coefficient of cu'^ is zero by (j8.1|) . (|8.3|) and the third equation 

in dSini). 

This completes the verification of (j9.24j) . which verifies that (j9.12j) 
holds when both sides are applied to e^- 

The final case is to verify ()9.12|) when both sides are applied to e^. 
We must verify that 



— 1^ ^i>.^ ^b+mc'^a^c ^ c+mb'^a'^c+m ab'^a^oi 



Using (j9.4p and (j4.2Up . and gathering together the coefficients of each 

basis vector, we get for the left hand side 

(9.27) 

(rfQa)e, = {F,\.^,u'^'^ + 2F^,u;- - e;)^ 

-(^r+™.^' + 2Fa>" + C™K 

— T,'^ fjP+^ _ na _ pv QV\ 

^ab^/i ^ a+mc^n ^ a+mc^ ^li'^c 

I ( nc+m rlP^^ nc+m 9 pfi nc+m , x m. 

'^y^a+mb'^b '-''^ c+ma J^b+ma^b+m '^^aa'^a ~T Oac^ 

\ T <^ ffr p" /3" _|_ pi/ fl'^\p 

' ^ab^fi ^ c+ma'^ii ^ c+ma'^ ii)^c+m 

i/'pM a» _ pl^ na _ Oi^pfJ. _ npt^ aa _ pa nb 
' y-'^a+mb'^b ''^b+ma^b+m '^"'^ aa ■^-'^fSa'^IS -'^a+mb'^fi 

pa nb+m , 9 pi^ fi'^\o 

^b+ma'^pL "T ^-"^ aa^fj.j'^a 

I Qi' pM Of 9 PA* a'^ T7"^ _L P*^ nb+m , 9 pi^ fla^. 

'K-'^a+mb'^b -"^b+ma^b+m '^^aa'^a -'^ a+m b^ ' ■'^ b+m fi ~^ '^^ aa^ ii l^v 

The coefficient of x is zero by ()4.18p . The coefficient of Cq is zero 
by (pT8jl and (fO]) . 
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After applying ()5.2j) and ()4.18j) and adding and then subtracting 
some terms in the definition of z/^ in (|9.1U|) . we can rewrite the coeffi- 
cient of Cc as 



"T y-'^a+mcd ^b+mc^ad "r ^ab^b+md ^ a+mc^ ad)^ 

_i_ ( _i_ op^^ p" -I- F'^ V 1^+"^ 

\ a+mcd+m '^-'^aa-'^d+m c ~r -'^ a+m c-'^ a d+m/ 

_l_ ( pf^ _|_ _|_ or*^ F'^ V 

"T l-'^^a+mca "T ^b+ma-'^b+mc '^-'^afo-'^^afe+m -'^^fe+mc-'^b+maJ"^ 

_l_ fF^* _ F'^ F*^ — 4 F'^ -I- — F'' 

V-' a+m CI/ b+ma b+mc aa^ ac ' '-'ac'-'fiv ^ b+mc b+ma 

— F'^ 

^b+mc'^a 



by and the following. The coefficient of u'^ is zero by the 

first equation in ()5.8|) and then ()8.38p . The coefficient of u'^'^"^ is 
zero by ()8.ip and ()5.8p . The coefficient of a;" is zero by ()5.1H) and 
then ()8.39|) . The coefficient of cu'^ is zero by the third equation in ()5.8p 
and then ()8.H) and the fourth equation in ()5.6p . 

Using ()5.2|) and ()4.18|) . we can rewrite the coefficient of Cc+m in 
(rfQa)e^ in (j^OTjl as 



~ Fc+mbi^l + -^da^'^'^'" + Fb+ma^'^ + -^6+ma^'') 

-Lf—F^ 4-9F^^ F"' -I- F° F^\j)^ 

^ \ ^ c+mab ^ aa-' c+mb ^ ^ c+ma-^ ab)^ 

I ( T b -I- T P^ -I- F" F'^ V )'^+'" 

"T l-^da-'^c+mb "'^c+mad+m ^ab^ d+mb "'^c+m a-'^o d+m/"^ 

I F'^ F" F'^ -I- F'^ F° -I- 9 F'^ T V 

"T l-'^c+mb-'^b+ma -'^c+maa "r ^ a+mb^ c+mb ab^ab)^ 

I ^' F'^ F'^ F'^ F'^ P'^ AP^^ P^ _i_ A A V i'- 

~r l-'^c+mb-'^b+ma -"^^c+mai/ -"^a+m b-'^c+m b aa-'^ ac+m '^ac^fiu)^ 

— — P^ ifi 
^c+mb'^a 



by and the following. The coefficient of u'' is zero by the first 

equation in ()5.8p . The coefficient of uj'^~^"^ is zero by the second equation 
in (jSH) and then (jHH) and (|HISHI)- The coefficient of is zero by dSHH), 
then ()8.2|) and ()8.3|) and ()8.39p . The coefficient of is zero by the third 
equation in ()5.8p . then ()8.1|) and ()8.3p and then the fourth equation 
in 
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Using ()5.2j) and ()4.18j) . we can rewrite the coefficient of Cq, in {dQa)e^ 
in ^nV^ as 

- ^F!:,iel + Llu'^^- + + F,\^^un 

_|_ ('_9PA' _ pa I ™ V ,c 

^\ '^■^ aac ^ b+ma-^ b+mc^ h+ma-^ b+mc)^ 

^ \ aac+m ^ ab^ca ^ ^ a+mb^ c+mb ^ c+mb^ a+mb)^ 

-|_ Of—pl^ _|_ PA* _ ptJ. Tpa I TplJ. -pa \ /3 

^ -^aa/S ' -^ab-^b+ma f3b-^ a+mb ' ISb+m-^ b+ma)^ 

' y ^ nnij ~r ^ ab b+ma a+mb ab ' b+ma ab+m) 



-2 i/ 

'^^ab'^a 



by (j9.1(J|) and the following. The coefficient of cu^ is zero by the ffist 
equation in ()5.9|1 . The coefficient of uj^^"^ is zero by (jS.llll . then ()8.2p 
and ()8.3|) and then ()8.39|) . The coefficient of uj^ is zero by the second 
equation in ()5.9p and then ()8.ip - ()8.3|) . The coefficient of uj^ is zero by 
the third equation in ()5.9|) . then ()8.1|) and ()8.3p . 

Using ()4.18|) . we can rewrite the coefficient of in {dQa)e^ in ()9.27|) 

as 



c+m 



i-F^ F," -2F^ F'^ - F," F^ -2F'' F^^^uj" 

\ b+ma b+mc aa^ ac ^ b+ma-^ b+mc aa^ ac)^ 

_l_ t -pi' OF^ F'^ F'^ F^ 9 F^ \t i 

~r V ^ a+mb c+m b ^ aa-'^ a c+m ^ a+mb-'- c+m b ^■'^ aa-'^ ac+m)^ 

_l_ 0(^F^ F'^ — F^ F^ — F^ F^ — F" F^ \i )° 

'^V ^ a+mb^ ab ^ b+ma'^ ab+m a+mb'^ ab b+m a'^ ab+m)^ 

r I ,a , ,a+m\ r , a 

by (Hm)) f)8.3|) and the fourth equation in ()5.6p . This completes the 
verification of ()9.12|1 when both sides are applied to e^, and therefore 
also completes the verification of (j9.12p . □ 



10. The quadratic forms 

For the remainder of the paper, we will again refer to the two mul- 
tiplicities as mi and m2, rather than m and A^, respectively, and we 
will no longer use the Einstein summation convention. Our task now 
is to solve (j8.ip through (j8.4p . It is known that mi = m2 only when 
nil = ^2 = 1; which is of FKM-type, or mi = m2 = 2, which is not 
of FKM-type [1 . Therefore we assume mi ^ m2 henceforth. Our con- 
vention is that mi < m2 and we denote by M+ (respectively, M_) the 
focal submanifold whose co-dimension is mi + 1 (respectively, m2 + 1) 
in the ambient sphere. We change the Cartan-Miinzner polynomial F 
to —F if necessary so that always M+ = f~^{l) with respect to the 
isoparametric function /. Now that mi < m2 we only have to show 
the validity of ()8.1|) and the spanning property in view of Theorem 1221 
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As in Section E] let x G M+ and let eo be a unit normal vector to M+ 
at X for which the shape operator S^g assumes the eigenspaces Vq, V+ 
and V- with eigenvalues 0, 1, and —1, respectively. For an orthonormal 
basis eo,...,emi of the normal space to M+ at x we introduce the 
quadratic homogeneous polynomials 

pi{z) := Se^Z ■ z 

for < i < mi, where z is tangent to M+ at x. Consider the set 

V := {z e V+ ® V- : \z\ = l,pi{z) = 0,0 <i< mi}. 
Proposition 24. T)= {V+®V^)n M+. 

Proof. This follows from the formula of [211 I, pp. 524-526], that reads 

mi 

F(tx + y + w)=t^ + (2|y|2 - 6\w\y^ + 8{Y,Pi^i)t 

1=0 

mi mi 

(10.1) +|y|'-2^(pi)2 + 8^giti;i 

i=0 i=0 

mi 

+ 2 ^ {Vpi ■ Vpj)wiWj - 6|y| Vr + 

i,j=0 

Here, qi are the components of the third fundamental form of M_|_, w = 
y tangent to M+. For the convenience of the reader, 
let us briefly recall that Ozeki and Takeuchi expanded F(tx + y + w) 
in terms of t and substituted it into its governing partial differential 
equations mentioned in Section |21 to get 

F(tx + y + w) = + At^ + Bt + C, 

where A is derived on p525, B is on p526, and C = Cq + ■ ■ ■ + C^, in 
which Cs, given on p526, is the homogeneous part of C of degree s in 
the normal coordinates Wq, . . . , Wmi- When one sets t = 0, w = and 
y G V+ © VI in the formula (jl0.1|) one gets 

mi 

F(y)-|y|^ = -2 5^(p,(y))^ 

i=0 

Hence when |y| = 1, we have F{y) = 1 if and only if pi{y) = for 
0<z<mi. □ 

In view of Proposition!^ we set pi to be the restriction of jPi to the 
space VC|. © for 1 < i < mi, and set po to be the restriction of po to 
this space. These are the quadratic polynomials po,Pa defined in ()6.6|) . 
Recall from ()4.26|) and ()6.6|) . that relative to a second order Darboux 
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frame we have variables ) and y = [y^) in terms of which these 

polynomials are 



(10.2) pQ{x,y) = - 5^(1/, 

a=l /i=l 



7712 m2 

2 



7772 



(10.3) Pa{x,y) = Yl ^aa^-y^ 

a,^l=l 

For notational ease without any possibility of confusion, we will stick 
to the range 1 < a, /U < m2 for Xa and from now on even though a 
and /i live in the designated ranges as given in ()4.fj|l . 

As mentioned in Section |3J we know cq also lies in M+ with the 
normal space span(x, e^i+i, • • • , e2mi)- The 0,+l,— 1 eigenspaces of 
the shape operator Sy_ at Cq are, respectively, span(ei, . . . , emj, V+ and 
V_. With respect to the normal basis x, ep,mi + 1 < p < 2mi, at Cq, 
we let Po; • • • yPmi be the counterparts of Po, . . . ,Pmi, respectively, as 
in ()6.12|) . Then Proposition |^ immediately gives the following simple 
but crucial observation. 

Proposition 25. D := {z e V+ Q)V- : |z| = l,pj(z) = 0, < z < mi}. 

Now T> can be viewed from a different angle. Observe that all z = 
(xi, . . . , . . . , i/^J e £> must satisfy Er=i(^")^ + Eir=i(l/M)^ = 

1. It follows that z G ^"^^-i ^ 5™^-! due to the fact that po{z) = 0, 
where 5"™^~^ is the standard sphere of radius The real projective 

variety out of ^""^-i x S""^'^ is RP^^-i x RP"^^-\ Note that the 
solution to Pa = 0, 1 < a < mi, lives naturally in RP™'^-! x RP'"^-!^ 
which is parametrized by [xi : ■ ■ ■ : x^a] x [z/i '■ ■■■ '■ 1/7712]- As a 
consequence the project ivized Z) in RP'"^-! x RP"^'^-! yjg^ map 
^7772-1 X ^"^2-1 — , RP^a-i X RP'"^-! is exactly 

(10.4) V := {[z] G RP™^-^ X RP'"^-^ : p„(z) = 0, 1 < a < mj. 

Since the +1 and —1 eigenspaces of the shape operator at cq are 
V+ and V-, respectively, it follows from ()10.2p that Pq = po- Hence, 
Proposition ESI can be rephrased as follows. 

Proposition 26. The zero locus of pi, . . . ,pmi in RP"^^~^ x RP™'^-! 
is identical with that ofpi,... ,p^^. 

Lemma 27. If m2 > mi + 2, then the quadratic forms pi, . . . ,Pmi o,re 
linearly independent and irreducible, both over the real numbers R and 
over the complex numbers C. 
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Proof. The quadratic form pa{x,y) is given by 

where Aa is the matrix with respect to eQ,,e^ of the operator defined 
in the first equation of ()6.3p . Recall that the rank of Pa is defined to 
be the rank of the matrix of the associated bilinear form, 

rank (pa) = rank = 2rankAa 

Let Sa = U + V he the shape operator given in ()6.5p . where 







Aa 


0^ 






'Aa 












{ 
















B, 








c, 


'Ba 


'Ca 






Then rankS^ < rankf/ + rankV. Since rank = 2m2, rankt/ = 
2rankyla and ranky < 2m 1, we get 

2(m2 — mi) < 2ranky4a = rank(pa) 

for all a, as proved by Ozeki and Takeuchi |21l II, p45] . If pa is reducible, 
then Pa = fg is a. product of linear forms / = ttaXa + a^y^ and g = 
baXa + bf^y^. If we let a = '{aa cifj,) and b = '{ha b^) G R^™'^ then the 
symmetric matrix of the bilinear form must be 

which has rank < 2, as each column is a linear combination of a and b. 
In particular, if 1712 — mi > 2, then rank (pa) > 4 > 2 and hence, Pa is 
irreducible over R. Notice that this discussion is unchanged if we work 
over the complex numbers, which shows that they are irreducible over 
C as well. Linear independence of pi, . . . ,Pmi over R is equivalent to 
linear independence of Ai, . . . , Am^^, which follows under our hypothe- 
ses from Proposition |B1 Being real polynomials, they are also linearly 
independent over C. □ 

11. Some commutative algebra and algebraic geometry 

We will explore in more depth the fact that pa, 1 < a < mi, are 
irreducible when m2 > mi + 2 and are bihomogeneous, i.e., are ho- 
mogeneous in xi, . . . , and in . . . , 7/^2; of bi-degree (1, 1) in this 
section. We shall pursue commutative algebra only to the extent that 
serves our need, and shall stress the geometry behind the algebra. A 
few ad hoc proofs and examples will be given to convey to the reader, 
who might be unfamiliar with the subject, some intuition about the 
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concepts encountered. Henceforth, n is just an index that has nothing 
to do with the dimension of the ambient sphere in which the isopara- 
metric hypersurface sits. 

Definition 28. Let F be either R or C and let F[xi, . . . ,Xs,yi, . . . , i/s] 
be the polynomial ring in variables Xi, . . . ,Xs,yi, ■ ■ ■ ,ys over F. Given 
bihomogeneous polynomials we say that the ideal I : = 

(pi, ...,pn) in F[xi, . . . ,Xs,yi, . . . , ys] is reduced if 

(i) . The bi-projective variety 

PbVj := {{[x], [y]) G FP^-i x FP'-' : Pa{x,y) = 0, 1 < a < n} 

is not empty, and 

(ii) . whenever / G F[xi, ... ,Xs,yi, ■■■ ,ys] satisfies /Ip^V/ = then 
we have 

/ = Pi/i H hPn/n 

for some /i, . . . ,/n G F[xi, ...,Xs,yi,.. ■,ys]- 

We call the affine variety Vj := {{x, y) e C x C : Pa{x, y) = 0,1 < 
a < n} a hi-affine cone. 

For instance, when F = C, the radical of J, denoted by rad(J), 
is always reduced. This is Hilbert's Nullstellensatz indeed PJJ. In 
particular, since a prime ideal equals its radical, the ideal / will be 
reduced if / is a prime ideal. P^V/ is not empty automatically in this 
case, because otherwise Vj = (C* x {0}) U ({0} x C'^) would not be 
irreducible. We will extensively probe the primeness of I subsequently. 
(See [Ej and (20] for bi-projective geometry.) Before we proceed, let 
us introduce a notation. When p is a real polynomial, we denote by p*" 
the same polynomial whose variables are over the complex numbers. 
We call p*" the complexification of p. Likewise, when pi, - ■ ■ ,Pn are bi- 
homogeneous in R[xi, . . . ,Xs,yi, . . . ,ys], we denote by V the resulting 
real bi-affine cone and by the complex bi-affine cone defined by the 
complexifications of Pi, - ■ ■ ,Pn- 

Lemma 29. Suppose V is a hi-affine cone in R'^ x R'^ defined by the 
real polynomials pi,--- ,Pn, such that its complex counterpart is 
irreducible and such that dimR(y) = dimc(V^*^). // a real polynomial 
p{xi, . . . ,Xs,yi, . . . , ys) satisfies p\v = 0, then p^|yc = 0. Here, by the 
dimension of V we mean the maximal dimension of all the irreducible 
components of V . 

Proof. Suppose p^|yc is not identically zero on V^. Then p^ cuts out 
a subvariety X, all of whose irreducible components are of co-dimension 
linV^ ^ p59]. Clearly, V CX. Then we have 

dimR(r) < dimc(X) = dimdV^) - 1, 
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in contradiction to the assumption that dimR,(y) = dimc(V^). The 
inequahty holds true because any real analytic parametrization a -.t = 
(ti, - ■ ■ , tfc) I — ^ (3^1, ■■ ■ :^s,yi, - ' ' ; Us) ^ V around a smooth point, at 
t = 0, of V, satisfies pi{(T(t)) = ■ ■ ■ = Pn{cr(t)) = p(cr(t)) = 0. The con- 
vergent power series defining a remain so when ti, ■ ■ • , are allowed to 
be complex variables, and then a{t) is a holomorphic map, nonsingular 
at t = 0, such that pf{a(t)) = ■ ■ ■ = p^(cr(t)) = p^(cr(t)) = because 
a holomorphic function vanishing on the real part is identically zero. 
That is, with t complex, is a holomorphic map, nonsingular at 

t = 0, into X. Therefore, we conclude that dimc(X) > dimR(V^). □ 

Proposition 30. If pi, . . . ,pn G Il[xi, ... ,Xs,yi, ■■■ ,ys] are bihomo- 
geneous polynomials of positive degree in each set of variables, and if 
pp, . . . ,p^ , their complexifications, are such that 

(1) : := {2; G X C* : ^^(z) = 0, 1 < a < n} is irreducible, 

(2) : rad(J) = /, where I := (pf , . . . ,Pn), and 

(3) : d\m^{y) = dimc(l^'='), where V := {z e R' x : pa{z) = 
0,1 <a<n}. 

then the real ideal {pi, . . . ,pn) is reduced. 

Proof. / is a prime ideal by the first two assumptions. Therefore, the re- 
mark immediately after Definition OHl ensures that PtV^ is not empty. 
Moreover, dimc(V*^) > s by the first assumption and the fact that the 
reducible (C'^ x {0}) U ({0} x C*) is contained in V^. Hence P^V is 
not empty either by the third assumption. So the first condition in 
Definition |2H1 holds. Let / be a real polynomial vanishing on PbV so 
that / vanishes on V as well; by Lemma 123 its complexification 
vanishes on V^. It follows from the reducedness of / that there are 
complex bi- homogeneous polynomials hi, . . . ,hn such that 

Let fi, . . . , fn be, respectively, the real parts of hi, . . . ,hn when they 
are restricted to the real variables. We have, by the realness of / and 
Pi,... ,Pn, that 

/ = Pi/i H hp„/„. 

□ 

We now review some important notions and properties from commu- 
tative algebra, leaving detailed expositions to and [TH] . 

Definition 31. Let i? be a commutative ring with identity. We say 
that n elements xi, . . . ,Xn & R form a regular sequence if (xi, . . . , x„) 7^ 
R, Xi is not a zero divisor in R and Xj+i is not a zero divisor in the 
quotient ring R/Ii, where It is the ideal (xi, . . . , Xt), for 1 < i < n — 1. 
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Example 32. A single nonconstant p G C[zi, . . . , zl] clearly forms a 
regular sequence. 

Example 33. Let pi and p2 in C[zi, . . . , zl] be relatively prime ho- 
mogeneous poljTiomials of degree > 1. Then pi and p2 form a regular 
sequence. This follows simply from the fact that p2f = pig implies 
/ = pih for some h. Moreover, {pi,p2) is not the entire polynomial 
ring due to the homogeneity of pi and p2- 

Definition 34. Let V he a. prime ideal in a commutative ring R with 
identity. We define the co-dimension of V to be 

codim('P) = sup{s : there is a prime chain "P^ C ■ ■ ■ C Pi C = 

where the set inclusions are all proper. For an arbitrary ideal / we 
define 

codim(/) = mf^{codim(P)}, 

and define the depth of / to be 

depth(/) = sup{n : there is a regular sequence Xi, . . . , Xn G /}. 

We define the dimension of R to be 

dim(i?) = sup{s : there is a prime chain Vs 'Z ■ ■ ■ d Vi d Vq d R}. 

Lastly, R is Cohen- Macaulay if, for every maximal ideal Ai of R (and 
such ideals are necessarily prime), we have 

depth(7\/i) = codim(7W). 

Example 35. Consider R := C[x,y,z] with pi = xz and p2 = yz. 
The ideal / := (^1,^2) has the property rad(/) = / so that Rjl is the 
coordinate ring of the zero locus of pi and p2-, which is made up of 
the (x, ?/)-plane and the 2;-axis. It is not hard to see that dim(i?//) = 
2 7^ 1, the ambient dimension minus the number of equations. So the 
ring R/I is not Cohen-Macaulay. In fact, at the origin the maximal 
ideal Ai = {x,y,z)/I is the first term in a maximal descending prime 
chain {x,y,z)/I, {y,z)/I and {z)/I so that codim(A^) = 2. However, 
depth(AI) = 1, since x -\- z mod(J), for instance, forms a maximal 
regular sequence in Ai. 

The following ingredient, on the other hand, generates many Cohen- 
Macaulay rings. 

FACT([11, p455]). If pi, . . . ,pn form a regular sequence in the ring 
R := C[zi, . . . , zl] with ideal / = (pi, . . . ,Pn), then codim(/) = n, the 
ring R/I is Cohen-Macaulay, and dim(i?/J) = L — n. 
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Remark 36. The FACT can be interpreted geometrically. In the case 
when rad(J) = I, for instance, the quotient ring R/I is the coordinate 
ring of an affine variety. This quotient ring being Cohen- Macaulay says 
that every point of the variety is cut out by L — n functions (technically, 
in a maximal regular sequence vanishing at the point) in such a way 
that the co-dimension of the point is the expected value L — n. The 
variety is called a complete intersection, which is of equal dimension 
L — n on all of its irreducible components. 

We now come to the major recipe for inductively constructing Cohen- 
Macaulay rings in this paper. 

Proposition 37. If pi, . . . ,pn are linearly independent homogeneous 
polynomials of equal degree > 1 in the ring C[zi, . . . , zl] such that the 
ideal (pi, . . . ,p„_i) is prime and such that pi, . . . ,Pn-i form a regular 
sequence, then pi, - ■ ■ ,Pn form a regular sequence. In particular, the 
FACT above implies that the quotient ring 

C[2;i,...,zl]/(pi,...,p„) 

is Cohen- Macaulay. 

Proof. We know V^_-^ is irreducible since := (pi, ■ ■ ■ ,Pn-i) is 

prime. Thus p^ cannot vanish identically on V^_i. Otherwise the 
Nullstellensatz applied to on the prime would imply 

Pn = Pi fl + ■ ■ ■ + Pn-lfn-1 

for some /i, . . . , G C[zi, . . . , zl]. As shown in Proposition ITUl we 
may assume that /i, . . . , are constant polynomials, because all of 
pf,...,p^ are homogeneous of the same degree > 1. But this would 
imply that p^, . . . ,p^ were linearly dependent, which is not the case 
by assumption. 

Suppose there are /, /i, . . . , G C[zi, . . . , zl] such that 

Pnf =P?fl + ■■■+Pn^lfn-l■ 
TheTl /|yc ^ =0 since p^ does not vanish identically on the irreducible 

V^i. So once more the Nullstellensatz applied to / on implies 
that 

/ = P?9l + ■■■+ Pn-l9n^l 

for some gi, . . . , gn-i e C[zi, . . . , zl]. 

Lastly, (pf , . . . ,p^) 7^ C[zi, . . . ,zl] since , . . . ,Pn are all homoge- 
neous of the same degree > 1 . This confirms that p^, . . . ,Pn form a 
regular sequence. □ 
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For our later applications on the variety level, Proposition EZI is not 
quite sufficient, because the ring C[zi, . . . , zl]/ (pi, . . . , p„) in the propo- 
sition, though being Cohen-Macaulay, may have nilpotent elements, in 
which case the ring is not the coordinate ring of an affine variety. If 
the ring contains no nilpotent elements, then it is called reduced. 

Example 38. Let pi = y — x"^ and p2 = 2/ in C[x,?/]. The zero 
locus of pi and p2 is {(0,0)}. However, the Cohen-Macaulay ring 
C[x,y]/ {pi,p2) has a nilpotent, namely, x mod((pi,p2))- Geometri- 
cally, the parabola y = x"^ intersects ?/ = with multiplicity 2. 

What we must do now is to find conditions under which the quotient 
ring in Proposition 1371 is reduced, in which case the variety associated 
with the ring is called a Cohen-Macaulay variety. 

Proposition 39. Assume the hypotheses of Proposition Wi\ Let Jn he 
the subvariety of the variety Vn := {z E '■ Pi{z) = 0, . . . ,Pn{z) = 0} 
where the Jacobian matrix ofpi, . . . ,pn is not of rank n. If codim(J„) > 
1 in Vn, then the ring C[zi, . . . , zl]/ {pi, . . . ,Pn) is reduced. 

Proof. This is just Serre's criterion of reducedness [TTl p457]. □ 

Remark 40. If we assume in Proposition EH that J„_i, the subvariety 
of Vn^i = {z : pi{z) = ■■■ = Pj^_i(z) = 0} where the Jacobian of 
Pi, . . . ,Pn-i is not of rank n — 1, is of co-dimension > 2 in then 
we can give a somewhat more geometric account of Proposition 123 
as follows. (In fact, in our applications to follow, codim(J„_i) > 2 
always holds true.) Let R = C[zi, . . . , zl], let I = (pi, . . . ,Pn-i) and 
let J = (pn)- We must show R/{I + J) has no nilpotents. That is, 
whenever f & R satisfies 

f^ =Pifi + ---+Pnfn(^I + J 

for some k and /i, . . . , /„, we must have / G I + J. We may assume 
f^ is not in J, or else we are done since then / G / by the primeness of 
/. It follows that / is nonzero on Vn-i and is zero on Vn- 

Let Vn = WiU- ■ - UWshe the irreducible decomposition of Vn in Vn-i. 
We know codim(H/j) = 1 in Vn-i for all i. Then by codim( J„) > 1 in V„ 
the polynomial p„ cuts out Wi with multiplicity 1 for each i (it comes 
down to the implicit function theorem in calculus). That is, = 
defines the divisor Wi + ■ ■ ■ + Wg in K„_i. 

Now since / vanishes on Vn, the divisor defined by / = assumes 
multiplicity > 1 on each Wi. At this point the principle that says that 
the poles get cancelled by the zeros seems to suggest that the rational 
function f/pn is regular everywhere on Vn-i. This is certainly true if 
Vn-i is smooth pl29], because the germs of local regular functions 
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on Vn-i then form a unique factorization domain; more generally, the 
normality of the variety suffices for the conclusion |77l pill]. From this 
it follows that {f/pn)\v„-i = 9 for some regular g on Vn^i. In other 
words, if -Png)\vn-i =0. Therefore, 

/ - Pn9 = Pl9l H h Pn^l9n-l £ I 

by the primeness of /. We conclude that / G I + J, proving the 
reducedness of R/{I + J). 

It remains to ensure the normality of which is true if the co- 

dimension of Jn-i is at least 2. This is a consequence of Serre's criterion 
of primeness fTV, p457], because V^_i is a Cohen- Macaulay variety due 
to codim(/) = n — 1. In any event we resort to Serre's criterion one 
way or another. 

The next proposition plays a vital role in the applications to follow. 

Proposition 41. We assume the hypotheses of Proposition |27| and 
the notation in Proposition EHl If codim( J„) > 2 in Vn and Vn is 
connected, then [pi, . . . ,pn) is a prime ideal. 

Proof. Proposition IHUl asserts that is a connected Cohen-Macaulay 
variety. Now X„, the complement of J„ in Vn, is smooth on the 
one hand. On the other hand, Xn is also connected on account of 
Hartshorne's connectedness theorem fTJ p454], that says that a con- 
nected Cohen-Macaulay variety remains connected when a subvariety 
of co-dimension > 2 is removed. Being both smooth and connected, 
Xn must be irreducible. However, since codim(J„) > 2, J„ cannot be 
an irreducible component of Vn due to the fact that a Cohen-Macaulay 
variety is of equal dimension on all of its irreducible components. Vn is 
then irreducible. As a consequence (pi, . . . is a prime ideal because 
Proposition inni establishes the reducedness of {pi, . . . ,Pn)- D 

Example 42. This example shows that codim( J„) > 2 in is a must 
in Proposition |^ Let pi = z and p2 = x'^ — y"^ + in Qj\x,y,z\. 
Then V2 = {(x, ±x, 0)} and J2 = {(0,0,0)}, which is of co-dimension 
1 in V2. But V2 is reducible albeit connected. It also illustrates that 
the co-dimension 2 condition in Hartshorne's connectedness theorem 
cannot be improved to co-dimension 1. 

12. The classification theorem 

We now return to the isoparametric case. For a given second order 
Darboux frame field ()4.16p along x on [/ C M, recall that we have, for 
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1 < a < nil, bihomogeneous polynomials 



m2 



Pa 



a,fj,=l 



of bi-degree (1, 1) in the polynomial ring R[xi, . . . , Xm2, Hi, ■ ■ ■ , ym2], 
irreducible and linearly independent if m2 > mi + 2 by Lemma EH 
Before proving the theorem, we first introduce a generalized spanning 
property. For n = 1, . . . , mi, we define the linear map 5*^ : R'"^ — > R" 
by 



:i2.1) 

s:{y) 



and the linear map S"^ : R"^^ 
(12.2) 

Sl{x) 



L^a ^ cm 

^ R" by 





Xi 



m2/ 



^Pi{x,yy 



Definition 43. We say that the n-spanning property holds if there is 
an x G R™^ such that S"^ is surjective and there is a ?/ G R™'^ such that 
S"^ is surjective. 

Note that when n = mi, this definition agrees with that of the 
spanning property in Definition [3 for the second fundamental form (see 
Remark IHl). As for the spanning property, the n-spanning property is 
an open condition. 

We now set up an induction procedure toward our solution to ()8.ip 
and the spanning property. 

Induction hypothesis S{n) 

(I): pi, . . . ,pn,n < mi, being irreducible and linearly indepen- 
dent imply that p^, ■ ■ ■ ,Pn form a regular sequence. 



(II) : Vn := {z = {x,y) G R™^ x R-^ ; p^(z) = 0, a = l,...,n} 
and := {z = {x, y) G C"^^ C"'-^ : p^{z) = {),a = I, . . . , n} 
satisfy dimR(\4) = dimc(l^„*^) = 2m2 — n, where dimR, Vn is the 
maximal dimension of all the irreducible components of Vn- 

(III) : /„ := (pp, . . . ,p^) is a prime ideal. 

(IV) : The ra-spanning property is true. 

Let J„ be the subvariety of where the Jacobian matrix ofpf,...,p^ 
is of rank < n. Proposition HTl points out that codim(J„) > 2 plays a 
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decisive role in determining the primeness of /„. We will establish in 
the next section the following estimate. 

Proposition 44. Assumenii > 2. Ifm2 > 3mi — 1 , i/ien codim( J„) > 
2 for all n < mi. 

Assuming this proposition for the time being, let us prove the clas- 
sification theorem of this paper. 

Theorem 45 (Classification). // mi = 1 or if mi > 2 and m2 > 

3mi — 1, then the isoparametric hypersurface is of FKM-type. 

Proof. When mi = 1, then a = 1, p = 2 and equations ()5.6|1 through ()5.10|1 
simplify sufficiently that one easily shows that there exists a second or- 
der frame field for which 

— A , — p/^ 

^ a a+mi '~'a+m2 fJ. ^ aa 

={] = 

pa " pa 

for all a, /x. The first line of these equations implies ()8.1|) and the 
spanning property. Hence, Theorem 1221 implies Takagi's result j2H] 
that all such isoparametric hypersurfaces are of FKM-type. 

Suppose mi > 2. Our strategy is to show that the induction proce- 
dure can be completed for n < mi. When n = mi what we achieve 
out of the induction is that ()8.1|) and the spanning property hold true. 
It follows from Theorem 1221 that the isoparametric hypersurface is of 
FKM-type. 

5(1) is true. (I) holds because is irreducible by Lemma 1771 and 
cannot generate the polynomial ring since it is of degree 2. (II) is 
valid because pi is bihomogeneous of bi-degree (1,1), and so one can 
easily solve for one variable in terms of the remaining ones regardless 
of whether the variables are real or complex. (Ill) is verified because 
(pf ) is a prime ideal due to the irreducibility of . (IV) is also clear 
since pi 0. 

Suppose iS(n — 1) is true forn — 1 < mi. We show S{n) is true if n < 
mi. Now, (I) comes from Proposition EZl so that the same proposition 
allows us to conclude that C[xi, . . . , x^a, Z/i, • • • , l/ma]/ (pf; • • • yPn) is 
Cohen-Macaulay. 

We wish to establish (II) next. To this end, note first that is of 
equal dimension 2m2 — n on all irreducible components, because is 
the intersection of the irreducible V^i and the irreducible hypersurface 
defined by = 0. It follows that the real variety Vn has the property 

dimR(K) < dimc(Vf ) = 2m2 - n, 

because as estabhshed in Lemma (211 Vn is a real subvariety of and 
any real subvariety is of dimension at most half the (real) dimension 
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of V^. We claim that there is a component of Vn having dimension 
2m2 — n so that 

dimR(V;) = dimc(V;*^), 
which will establish (II). To prove the claim, consider 

where t is the natural embedding and tti is the projection onto the first 
summand. Now tti oi is surjective. This is because {x,y) G (7ri06)~i(x) 
precisely when y belongs to the kernel of the linear map S*^, which has 
dimension > m2 — n > 0; the set C of x where this dimension achieves 
the minimum value t is Zariski open. Since tti ot is surjective, one of the 
irreducible components W of Vn must be mapped onto an open subset 
of C] or else Sard's theorem would imply that tti o i is not surjective. 
Around a regular value x of tti o i in £ we know Vn is a product with 
fiber R*, which is therefore contained in the irreducible W. Then since 
t > 777-2 we have 

dim(Vr) = 7772 +t> 7772 + ^2 — U = 2m2 — "77. 

Therefore 

dimR(V;) = 2m2 - 77 = dimc(V;p), 

which proves (II). 

Now that dim W = 2m2 — n, the fact that is a product with fiber 
R* around the regular value x gives that 

dim((7ri o i,)~^(x)) = m2 — n. 

That is, spans R". Likewise, there is some ?/ 7^ in R'"^ such that 
S"^ spans R" if we consider the projection tt2 : R"^^ x R™'^ — > R'"^ 
onto the second summand. In conclusion, we have shown that (IV) is 
true. 

To finish the induction, we must show that /„ is a prime ideal so 
that (III) holds. Proposition 1^ and Proposition 1^ tell us that this is 
true if V^ is connected, which is the case because V^ is a cone. In 
fact, if z and w are any two points in then the real lines from z to 
the origin and from the origin to w are in V^ , thus showing that V^ 
is path connected. 

Thus, by Propositions |^ and |33 the induction procedure is com- 
pleted. 

Setting n = mi in the induction, we obtain the spanning property 
in Definition [7| by induction item (IV). Note also that Vm-^ is exactly T> 
defined in ^U^. 

We are only left with handling (jS.lj) . By Proposition QUI we know 
Pa) 1 — ^ — vanish on PftKni so that Pa\vm^ = 0, which warrants 



68 



CECIL, CHI, AND JENSEN 



that P^lyc = in view of the induction item (II) and Lemma 123 so 
that G /mi by the induction item (III). Hence there are complex 
polynomials Tab, 1 < a,b < mi, such that 

mi 

Pa = ^^abpf- 

b=l 

As shown in the proof of Proposition ^1 we may assume that the Tab 
are constant polynomials, since each of the polynomials p'^ and is 
of bi-degree (1, 1). Restricting to the real variables we obtain 

mi 
6=1 

for some real constants fab- The above argument establishes this at 
every point of the open set U on which the frame is defined. By Propo- 
sition after a possible change of second order frame field along x 
on U, equation (jH.lj) holds on U. Theorem ESI then finishes the proof 
in the case mi > 2. □ 

Remark 46. In contrast, for mi = m2 = 2 of non-FKM-type, we have 
two pairs of (^1,^2) depending on which one of the two focal submani- 
folds is referred to as M^. One pair of (^1,^2) = (0, 0). The other pair 
is (2x2?/i — 2xi?/2, — 2xi?/i — 2x21/2), out of which the real bi-projective 
variety PbV2 is empty whereas the complex bi-projective variety PbV.p 
consists of four points [1 : ±^/^] x [1 : ±\/—l]. This case fails to 
satisfy Proposition 1201 miserably. 



13. The estimate 

We now prove Proposition 1441 to complete the classification theorem 
in the preceding section. Recall for V^, its subvariety J„ is where the 
Jacobian matrix of pp, . . . fails to be of rank n. From now on S*^' 
and 5*^ in (jl2.H) and (jl2.2j) will be set in the complex category. 

Lemma 47. Notation is as in fl6.5|) . For any choice of a E {1, ... , rrii}, 
there is an orthonormal basis in V-+ and an orthonormal basis in V- 
such that relative to these bases we have 

(1): Ba = Ca with rank = r < mi, and 
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(2): A, 



I 
A 



, where A is an r x r matrix in block form 



A 



/Ai 
A2 . 
A3 . 

\ ; ; ; ; ; / 

with Ai = and Ai,i > 2, nonzero skew-symmetric matrices 
in block form 







/ 

-f^ 



A,, 








f^ 










/. 





...\ 



v ■■ 



■ J 



Proof. We know Ba : Vq — > so that BjBa : V+ — > V+. Pick an 
orthonormal basis Xi, . . . , Xm2~r, Yi, ... ,Yr of V+ for some r such that 

(13.1) BjBa : Xt^O, 

where 1 < t < m2 —r, 1 < s < r and ag > 0. Now ^Ba{Xt) = because 
Ker(Ej n Im(*fi„) = 0; hence Xt G Ker(*Ej. That is, Ker(*Sj is the 
eigenspace of BjBa with eigenvalue zero. On the other hand, we know 
(Ker(*i?a))-'- = lm{Ba). So the eigenspace decomposition of BjBa is 

V+ = Ker(U) © MBa) 

with Xi, . . . , Xjn2-r spanning the first summand and Yi, . . . ,Yr span- 
ning the second. As a result, it follows that r = rank(i?a). Likewise, 

Vo = Ker {Ba)®lmCBa). 
We know from above that *Ba{Xt) = and we set 

(13.2) 'Ba : n ^ a,Ws 



for some Wg. An easy calculation shows Wi-Wj = 6ij so that Wi, 



Wr 



form an orthonormal basis of Im(*i?a). In conclusion, 

K, = Ker(5j©Im(*5,), 

where Wi, . . . , Wr span the second summand and we let Zi, . . . , Zm^-r 
be an orthonormal basis generating the first. We find by ()13.1|) that 

(13.3) Ba : Zt^O, 



Wg 



CTsYs- 
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We calculate to see that ^BaBa : Vq — > Vq satisfies 

(13.4) 'BaBa : Zt^Q, 

Now consider 

In the same manner as above for Ba, we get Vq = Ker(Ca) © Im(*Ca) 
with 

(13.5) Ca : Z;^Q, 

where Zj", . . . , ^^^^.^ span Ker(Ca) and W^, ■ ■ ■ ,W* span Im(*CQ) for 
some p. However, 

CaCa = BaBa 

by the first equation of ()5.6|) . we thus obtain Ker(i?a) = Ker(Ca) and 
Im(*i?a) = Im(*Ca). In particular, p = r and we may take Zi, . . . , Zmi_r 
to be identical with Zj", . . . , Zj^^.^, and Wi, . . . , Wr to be identical with 
Wl, . . . , W^. Therefore ()13.3|) and ()13.5|) imply that we can pick a basis 
of V+ and a basis of V- relative to which the matrices of these operators, 
denoted by the same letters as the operators, satisfy 

(13.6) Ba = a, 
because from 

^CaCa '■ Zl I > 0, 

and Ws = W*, we know {<7s)^ = (cr^)^, and hence we may assume 
Cs = c"s by adjusting the basis in V^. 

The second and the fourth equations of ()5.6|) together with p3.6|) 
yield 

(13.7) AMa = 'AaAa = / - 25,^. 

We have three more equations 

(13.8) Ba'Ba'Aa + = 0, 

(13.9) Ba'BaAa + = 0, 

(13.10) 'BMaBa + 'BaAaBa = Q, 

which can be derived from (|13.6p and the three diagonal blocks of the 
first equation of (|6.1U|) . Let 



A.. 
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where a is of size (m2 — r) x (m2 — r) and /i is of size r x r. Let 
a = diag(cri, . . . , cr^) be the diagonal matrix with the indicated diagonal 
entries so that by p3.2|) and p3.3|) . Ba and *Ba are of the same form 



or 



(13.11) 

with 

of the same block sizes as Aa- From ()13.8p we obtain 

(13.12) /5 = 7 = 0, 

(13.13) a2(*/i) = -/ifx^. 

Moreover from ()13.7|1 we see 

(13.14) a*a = /, 

(13.15) /iV = W = ^ - 2a2. 
Similarly, ()13.9|) yields 

(13.16) aV = 
and ()13.10|) gives 

(13.17) a*/ucr = —afia. 
With (fT3T3|l and (fTTTfill we deduce 

and 

/iji = -{ai/ajYuij. 

We therefore conclude 

/iij = if (Ti 7^ CTj, 

and 

/ijj = — /iji if (Ji = (Tj. 

In other words, 



A 



a 



/i 



with 
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and is in blocked form 






V '■■ 





A2 







0.. 

As .. 

; ; ; / 



where all the Aj are skew-symmetric such that the number of Aj is 
the number of different non-zero eigenvalues of BjBa- Then fjl3.17p is 
automatically satisfied. Now by the skew-symmetry of fi and p3.15|) 
we derive 



'13.18) 



'1 - 2af)I. 



In view of fll3.14j) and the skew-symmetry of n we can perform an 
orthonormal basis change so that 



and 



A,; 



Thus p3.18|) implies rf 





a = 


I 








1 ° 


ri 








...\ 




-ri 
























r2 





















V : 








'■■ ) 




= rl = 




1 - 




and so 






1 








•A 




-1 
























1 










-1 

















'■■ 1 



A,; 



if 1 - 2af > 0. We set Ai = so that ai = 1/V2. We are done. □ 

Corollary 48. dim{Ker{Aa)) = dim(Ai) < r = rank(i?a) < mi. 

Remark 49. When (mi, 7712) = (2,m),m > 3, Ozeki and Takeuchi 
showed fI^ II, p49], that r given in Lemma 03 is 1, essentially by 
exploring the fact that pi and p2 form a regular sequence in the spirit 
of Example IHHl above. It follows immediately from Lemma 07] that we 
have A = and so 
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as given in [21] . With this it is not hard to see |211 H, p51], that 
of the same block sizes as Ai with 
where J in S is of size / x / and m2 = 21 + 1. 

Proof of Proposition We must estimate the codimension in of 

Jn = {{x,y) eV^ -.dp^ A---A dp^ = 0} 

We first estimate the dimension of the subvariety Z„ of C™'^ x C™'^ at 
each point of which the Jacobian matrix of p^, . . . ,p^ is of rank < n. 
At {x,y) G Zn, the differentials dp^,...,dp^ are linearly dependent, 
i.e., there are ci, . . . , c„ G C, depending on (x, y), such that 

n 

= J2 ^a(^Pa = CaF^aVM^a + ^^(J^ CaF^,X^)dy^, 

which requires that the coefficients of dxa be zero and the coefficients 
of dy^ be zero. Thus 

Zn = {(x, y) G C'"^ X C'"^ : 3(ci, . . . , c^, cjA^x = ^ CaA^y = 0}. 

a a 

Accordingly, for a fixed (ci, . . . , c„) let us define 

Zic„...,c„) := {{x,y) G C"^^ X C"^^ : c,*A,x = c„A,y = 0}. 

a a 

Consider the incidence space Yn in CP"^^ x C"*^ x C"*^ given by 

(13.19) Y„, = {([ci : ■■■ : c„],x,?/) : (x,?/) G ^(ci,...,c„)}- 

The standard projection of Yn to 0"*^ x 0"*^ maps Yn onto Z„. Let tt 
be the standard projection of Yn to CP""^. Then with respect to tt we 
have 

(13.20) dim(Z„) < dim(r„) < dim(base) + dim(fiber), 

where dim(fiber) is the maximal dimension of all fibers. We first es- 
timate the dimension of the fibers 7r~^{[ci : ■ ■ ■ : c„]} = Z(^ci,...,cn)- 
fact, it comes down to estimating the dimension of 

T(e„...,c„) ■.= {yeC"^'^:J2caAay = 0} 
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for a fixed (ci, . . . , c„), because 

(13.21) dim(ker cMa)) = dim(ker c,A,)) 

a a 

thus giving us the estimate 
dim(Z( 

Cl,...,C„ )) < 2 dim(T(cl,...,c„))• 
i?emarA; 50. Let us examine the case (mi, = (2, 1712), m2 > 3, before 
we proceed. By the above standard matrix form of Ai and of A2 in 
Remark Hni we see that for *?/ = {^z,t) G 0""^ where t G C, 

Hence ^^=1 CaAay = precisely when z is an eigenvector of B, with 
eigenvalue In other words, when [ci : C2] = [±1/— 1 : 1] in CP^, 

-^(ci,c2) is made up of vectors of the form 

f w 

where z and w both belong to the A/^-eigenspace or to the 
eigenspace of B and Z(^ci,c2) = {(0, 0)} for other values of [ci : C2]. Thus 



(13.22) dim(Z2) = m2 + 1. 

We continue on now to estimate the dimension of Z(^ci,...,c„)- 
Case (1). ci, . . . , c„ are either all real or all purely imaginary. Say it is 
the latter, so that Ck = ^/—Idk with dk real. Then for y G T(^ci,...,c„), we 
have 

n 

^dkAkV = 0. 
fc=i 

However, the second fundamental form S has the property 

diSe, + ■■■ + d^Se„ = sJd\ + --- + dlSe, 

where 

e = {dici H h dnCn)/ \Jdl^ V d^. 

We may therefore rename e to be ei in the normal basis, and so by 
restricting to the A-block in the matrix of S we see that SeU = comes 
down to, after the renaming, Aiy = 0. Corollarv EHl then establishes 
that 

dim(T(ei,„„c„)) < r < mi 
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and 

Cl,...,C„) 

) < 2dimT(ci,...,c„) < 2mi 
Case (2). ci, . . . , Cn are not all real and not all purely imaginary. Write 

Cfc = Ofc + \/^(3k, 
where not all and not all jSk are zero. Then 

CiS'ei H hC„S'e„ = (ai5'ei H \-anSeJ + V^{PiSe, H \-PnSeJ- 

As in Case (1), we know aiSe^ + ■ ■ ■ + o:nSe„ is a multiple of S'e for 
some unit vector e. Hence without loss of generality we may assume, 
after renaming e to be ei, that 

Ci^e, H h Cn^e,, = QiSe^ + V^(/?l5'ei H h /JnS'e^). 

On the other hand P2Se2 + • ■ • + PuSe^ is a multiple of 5/ for some unit 
vector / perpendicular to Ci. We rename / to be 62 so that we may 
assume without loss of generality that 



CiSe^ H h C„S'e„ = («! + y/-l/3i)Sei + y/-l/32Se2. 

By restricting to the A-block in S again we see that {J2a (^aAa)y = is 
reduced to 

p2A2y = v^(ai + V^(3i)Aiy. 

We may assume both coefficients are nonzero, or else we would be back 
to Case (1). Hence we are now handling 

(13.23) {A2-zAi)y = 

for some nonzero 2; G C. By Lemma W7\ we may assume 



Ai 

Write 

A,, 



I 

A 

e A 
Q r 



of the same block sizes as Ai. By the second equation of ()5.6p . which 
is 

A2% + AM2 + 2{B2% + Bi'B2) = 0, 

we obtain 

(13.24) e + *e = 

when we invoke ()13.11|) . If we write 
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then part of pH.2H|) reads, 

(13.25) {zI-e)u = Av. 
Consider the map G : C™^ — > C™'^~'~ given by 

G : {u, v) I — > {zl - Q)u - Av. 

The kernel of G consists of all y = v) satisfying ()13.25j) . If z is not 
an eigenvalue of 6, then the rank of G is at least the rank of 2; J — G, 
which is 1712 — f'- Thus, the rank of G is m2 — r, so that the kernel 
of G has dimension r. On the other hand if z is an eigenvalue of G, 
then because G is skew-symmetric by fll3.24j) . the rank of 2;/ — G is 
at least (m2 — r)/2 due to the fact that a nonzero eigenvalue of G 
is purely imaginary, and its conjugate is also an eigenvalue of G. It 
follows that the rank of G is no less than (m2 — r)/2, so that its kernel 
is of dimension < (m2 + r)/2. The upshot is that, since r < mi and 
since dim(Tc^^...^c„) is an integer, we have arrived at the estimate 

dim(T(e,,...,e„)) < [(m2 + r)/2] < [(m2 + mi)/2] = (m2 + mi - l)/2, 

where [p] is the greatest integer in the number p, and the last equality 
is true because m2 + mi is an odd number when 2 < mi < m2 by a 
result of Miinzner flR II] . Therefore, 

(13.26) dim(fiber) = dim(Z(ci,...,c„)) < 2 dim(T(ci,...,c„)) < m2 + mi-l. 

This estimate is sharp in light of (jl3.22p . Note that m2 + mi — 1 is 
greater than the upper bound 2mi for dim{Z(^ci,...,c„)) in Case (1), since 
m2 > 3mi — 1 and mi > 2 by assumption. 

We next stratify the incidence space F„ of ()13.19p in another way as 
follows. We let s < m2 be the largest integer for which Yl^=i ^i^i is of 
rank s for some, and hence for generic, [ci : ■ ■ ■ : c^], the set of which 
constitute a Zariski open set U of CP""^. A look at Corollarv EHl shows 
that 

S > 1712 ~ f^li 

so that for (ci, ■ ■ ■ , c„) in f/, 

rank(^^ CiAi) = s > 1712 — mi, 

i=l 

and thus, by (jl3.21|l . 

n n 

dim(fiber) = dim{Z(^ci,...,c„)) = dim(ker(y~^ CjAj)) + dim(ker(^^ Q*Aj)) 

1 1 

n 

= 2(m2 — rank(^^ CjAj)) = 2(m2 — s) < 2mi. 
1 
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It follows that over U, ()13.2()j) extends to 

(13.27) dim(fiber) + dim(base) < 2mi + — 1) 



On the other hand, over a subvariety W, contained in CP"^^, of di- 
mension < n—2, the rank of Yl^=i ^i^i ^^^^ than s. In view of ()13.26|) . 
we have that over W 

dim(fiber) + dim(base) < dim(fiber) + n — 2 



Now the part of Yn over U, call it A, is irreducible because each fiber 
over ?7 is a Euclidean space of a fixed dimension, whereas the part over 
W, call it B, is Zariski closed in Yn. It follows that the closure of A, 
call it A, in 1^ is an irreducible component of Yn, and the closure of 
B not in A constitutes the remaining irreducible components in y„. 
Therefore, the larger of the two upper bounds in ()13.27|1 and ()13.28j) 
will be an upper bound for the dimension of Yn, and hence of Z„. 
However, 2mi + n — 1 < mi + m2 + n — 3, due to m2 > 3mi — 1 and 
nil >2. We conclude that over CP"^^ 



if m2 > 3mi — 1 and mi > 2. 

Now Jn, the subvariety of where dp^, ■ ■ ■ ,Pn are dependent, is 
clearly a subvariety of Z„. Hence 



On the other hand, dim(V„*^) > 2m2 — n on all of its irreducible compo- 
nents because is cut out from C"^^ x C"^^ by n equations [2Z1 p59]. 
It follows that codim( J„) > 2 in of dimension at least 2m2 — n if 
rui + 1712 + n — 3 < 2m2 — n — 2, i.e., if ni2 > mi + 2n — 1, which 
is true if m2 > 3mi — 1 since n < mi. This finishes the proof of 
Proposition □ 

The classification result Theorem E^l is therefore established. 

Remark 51. The standard matrix form of Ai and of A2 in the case 
(mi, 7712) = (2,m2),m2 > 3, give [211 H, p51] that 



(13.28) 



< mi + m2 — 1 + n — 2 
= mi + m2 + n — 3. 



dim(Z„) < mi + m2 + n — 3 



dim( J„) < dim(Z„) < mi + m2 + n — 3. 



Pi 
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where as before m2 = 21 + 1. It turns out that J2 = Z2. This is because 
any element X of Z2 is either (0, 0) or is of the form 



/ u \ 








M 











where u is of size / x 1. It is immediate to verify that X is annihilated 
by both and . It follows that dim(J2) = dim(Z2) = m2 + 1, as 
shown in (jl3.22j) . Thus, codim(J2) > 2 in (which is of dimension 
2m2 — 2), provided that m2 > 5, which is exactly equal to 3mi — 1 
given in our classification theorem. 

When nil = 2, our approach misses only the case m2 = 3, so / = 1 
(which is of FKM-type by Ozeki-Takeuchi |241 II]). This is not sur- 
prising in view of the fact that in this case m2 = 3, the bi-projective 
variety PbV^*" defined by = = in CP^ x CP^ is made up of six 
irreducible components 

{[1 : ±v^ : ;z] X [1 : ±v^ -.w]: z,w E C}, 
{[0:0: 1]} X CP^ 
X {[0 : : 1]}, 

so that {p^,p^) is not a prime ideal and thus Proposition!^ says then 
that codim(J2) < 1 in V.p. 

In view of the known classification of Takagi 1^ for mi = 1, Ozeki- 
Takeuchi J^l'j II] for mi = 2, and Stolz's result 28j on the multiplicities 
mi < m2 that states that (mi, m2) 7^ (2, 2) or (4, 5) must be that of an 
isoparametric hypersurface of FKM-type, we obtain from Theorem 1^ 
that all isoparametric hypersurfaces with four principal curvatures in 
spheres, whose multiphcities are not (2,2) or (4,5), are of FKM-type, 
except possibly for those whose multiplicities are one of the following 9 
pairs (3,4), (4,7), (5,10), (6,9), (7,8), (7,16), (8,15), (9,22), (10,21). 
The (4, 5) case also remains open. 
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